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On convergence of random linear functionals
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Abstract

When is the pointwise limit of the characteristic functions of a sequence fX ng of random elements taking
values in a real separable Hilbert space H the characteristic function of a H valued random element?
Uniform tightness of fkX nk : nX1g is sufficient, but not necessary, whereas uniform tightness of fhX n; yi :
nX1; kykp1g is necessary, but not sufficient. The sufficiency statement extends to a separable reflexive
Banach space, whereas the necessity statement extends to a Banach space with separable dual.
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1. Introduction and results

Let H be a real separable Hilbert space (isomorphic to l2Þ with inner product h�; �i and norm
k � k. Let fxng be a sequence in H such that

hxn; yi ! hðyÞ 8y 2 H. (1)

A necessary and sufficient condition for hðyÞ to equal hx; yi for some x 2 H and for all y 2 H is

fkxnkg is a bounded sequence in R. (2)
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Since the linearity of y 7! hðyÞ is immediate, the sufficiency of the condition follows from the
Cauchy Schwartz inequality and the Riesz representation of H as its own dual, whereas the
necessity of the condition is possibly the simplest application of the uniform boundedness
principle. Our objective in this paper is to investigate the following question: if fxng in (1) is
replaced by a sequence of random elements fX ng and convergence in R is replaced by convergence
in law (of random variables, equivalently, probability distributions) in R, what is the natural

replacement of (2)?
The results of our investigation, some of independent interest used to answer the question posed

above, constitute the remainder of this section. Even though a necessary and sufficient condition
eludes us, we do obtain a sufficient condition and a necessary condition, both of which reduce to
(2) when the sequence consists of degenerate random elements.
Our first result (Lemma 1) puts together the vector space structure of measurable functions and

the topology of convergence in probability.

Lemma 1. Let ðX;A;PÞ be a probability space. Let F be a separable Frechet space. Let L0ðX;F Þ
denote the set of all F valued measurable (for A and the Borel s-algebra of F) functions on X.
Let L0ðX;F Þ be the set of all equivalence classes of elements of L0ðX;F Þ for the relation

of P-a.s. equality. Let a denote the Ky Fan metric on L0ðX;FÞ. Then ðL0ðX;F Þ; aÞ is a Frechet
space.

Note that the completeness assertion of Lemma 1 is Theorem 9.2.3 of Dudley (1989), while the
invariance of the Ky Fan metric is immediate from its definition (Dudley, 1989, Section 9.2) and
the assumption that the range space F is Frechet.
Starting with convergent in law random linear functionals, equivalently, probability measures

with linear functional induced distributions convergent in law, the next result (Proposition 1)
constructs random elements with those probability distributions and convergent in probability
linear functionals. In what follows, for any random element W, LðW Þ denotes the W induced
distribution on the range space.

Proposition 1. Let fX ng be a sequence of H valued random elements such that hX n; yi converges in

law to hX ; yi for all y 2 H, where X is another H valued random element. Then there exists a
probability space ðX;A;PÞ and H valued random elements fY ng and Y defined on ðX;A;PÞ such

that LðY nÞ ¼LðX nÞ 8 nX1, LðY Þ ¼LðX Þ, and hY n; yi converges to hY ; yi in probability for all
y 2 H.

Next in line is the first of our two main results, obtainable by putting Lemma 1, Proposition 1
and the uniform boundedness principle together.

Theorem 1. Let fX ng and X be as in Proposition 1. Then the family fhX n; yi : nX1; kykp1g of
random variables is uniformly tight.

Theorem 1 is our replacement for the necessity of (2). Theorem 2 will be our replacement for the
sufficiency of (2).
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