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Abstract

Let ðUni;V niÞ; 1pipn be a triangular array of independent bivariate elliptical random vectors. Hüsler
and Reiss (1989. Statist. Probab. Lett. 7, 283–286) show that for the particular case that the array is
Gaussian, the maxima of this array is in the max-domain of attraction of Hüsler–Reiss distribution
function, provided that an asymptotic condition holds for the correlation corrðUn1;Vn1Þ: In this paper we
obtain a similar result for the more general case of elliptical triangular arrays.
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1. Introduction

Consider fðEn1;En2Þ; nX1g a bivariate sequence of independent standard Gaussian random
vectors with distribution function Fn: Let rn:¼corrðEn1;En2Þ 2 ð�1; 1Þ denote the correlation
between En1 and En2: Sibuya (1960) shows that if rn does not depend on n then

lim
n!1

sup
ðx;yÞ2R2

Fn
nðaðnÞx þ bðnÞ; aðnÞy þ bðnÞÞ � expð� expð�xÞ � expð�yÞÞ

�� �� ¼ 0; ð1Þ
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with

aðnÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

2 ln n
p ; bðnÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2 ln n

p
�

1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
2 ln n

p lnð4p ln nÞ.

Let further ðUni;VniÞ; n41; 1pipn be a triangular array of independent bivariate standard
Gaussian random vectors with common distribution function Fn and put
Mn1:¼max1pipn Uni;Mn2:¼max1pipn Vni: Then (1) implies the convergence in distribution

ð½Mn1 � bðnÞ
=aðnÞ; ½Mn2 � bðnÞ
=aðnÞ
Þ!
d
ðM1;M2Þ; n ! 1,

with M1; M2 two independent random variables with distribution function LðxÞ ¼
expð� expð�xÞÞ;x 2 R; (the well-known standard Gumbel distribution). Hence the maxima of
such Gaussian triangular arrays has asymptotic independent components. This result seems at the
first sight very surprising recalling that the correlation rna0: So despite the fact that Fn is not a
product distribution, the maxima has asymptotically independent components.
Indeed, there are many examples of multivariate distribution functions that have the same

property. In general for such distributions, there is no direct link between correlation rn and
asymptotic independence. In the Gaussian case, however, we have the following equality in
distribution

ðEn1;En2Þ¼
d
ðE�; rnE� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2n

q
E��Þ (2)

with E�;E�� two independent standard Gaussian random variables. Letting rn ! 1; thus
imposing the random vector ðEn1;En2Þ to behave asymptotically (n ! 1) like ðE�;E�Þ suggests
that the maxima of the triangular array above may have eventually dependent components.
Indeed this can be achieved by imposing a certain rate of convergence to 0 for 1� rn: More
specifically, Theorem 2 of Hüsler and Reiss (1989) (see also Reiss, 1989) shows that if rn is such
that

lim
n!1

ð1� rnÞ ln n ¼ l2 2 ½0;1
 (3)

holds, then the convergence in distribution

ð½Mn1 � bðnÞ
=aðnÞ; ½Mn2 � bðnÞ
=aðnÞÞ!
d
ðM�

1;M
�
2Þ (4)

holds, where the limiting random vector ðM�
1;M

�
2Þ has distribution function given by

Hlðx; yÞ ¼ exp �F lþ
x � y

2l

� �
expð�yÞ � F lþ

y � x

2l

� �
expð�xÞ

� �
; x; y 2 R,

with F the univariate standard Gaussian distribution. For l ¼ 0 and 1 the asymptotic complete
dependence and independence of the components holds respectively in the limit i.e.

H0ðx; yÞ ¼ minðLðxÞ;LðyÞÞ

and

H1ðx; yÞ ¼ LðxÞLðyÞ,

with LðxÞ ¼ expð� expð�xÞÞ;x 2 R the standard Gumbel distribution function. Hüsler and Reiss
(1989) show further that the distribution function Hl is max-stable.
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