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Abstract

We obtain an integral representation for the expectation which generalizes a well-known formula. As a
consequence, we establish an estimate for the difference of two expectations which is optimal in a specific
sense and is general enough to include as particular cases many of the Ostrowski-type inequalities existing
in the literature. Other consequences concerning inequalities and stochastic orders are also discussed.
r 2005 Elsevier B.V. All rights reserved.
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1. Introduction and main results

As it is well known, if X is a real integrable random variable with distribution function F, then
we have

EX ¼ �

Z 0

�1

FðuÞdu þ

Z 1

0

ð1� F ðuÞÞdu.
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Even, when X takes values in an interval I, we can write

EX ¼ a �

Z
I�a

F ðuÞdu þ

Z
Iþa

ð1� FðuÞÞdu, (1)

where a is any fixed point of I, and

I�a :¼I \ ð�1; a�; Iþa :¼I \ ða;1Þ.

As a consequence, if Y is another I-valued integrable random variable with distribution function
G, then we have

EY � EX ¼

Z
I

ðFðuÞ � GðuÞÞdu. (2)

In this paper, we generalize formulae (1) and (2) by giving integral representations for Ef ðX Þ

and Ef ðY Þ � Ef ðX Þ; when f 2 LðIÞ:¼ the space of all real locally absolutely continuous functions
on I. Thus, f 2 LðIÞ means that the derivative f 0 exists almost everywhere, is locally integrable
(i.e., integrable on each compact subinterval of I), and we can write, for all x 2 I ;

f ðxÞ ¼ f ðaÞ � 1I�a
ðxÞ

Z a

x

f 0
ðuÞdu þ 1Iþa

ðxÞ

Z x

a

f 0
ðuÞdu, (3)

where a is any fixed point of I, and 1A stands for the indicator function of the set A. The
aforementioned representations are expressed in terms of the principal value of an integral. We
recall that, if g is a real locally integrable function on I, the principal value of the integral of g (on
I) is defined by

�

Z
I

gðuÞdu:¼ lim
n!1

Z
In

gðuÞdu, (4)

where ðInÞ is any increasing sequence of compact subintervals of I such that
S

n In ¼ I ; provided
that the (finite or infinite) limit exists and does not depend upon the particular sequence ðInÞ

involved. It is clear that

�

Z
I

gðuÞdu ¼

Z
I

gðuÞdu,

whenever g is integrable on I or g is nonnegative (nonpositive) a.e. on I.

Theorem 1. Let X and Y be I-valued random variables with distribution functions F and G,
respectively, and let f 2 LðIÞ be such that f ðX Þ and f ðY Þ are integrable. Then, we have

Ef ðX Þ ¼ f ðaÞ � �

Z
I�a

f 0
ðuÞF ðuÞdu þ�

Z
Iþa

f 0
ðuÞð1� FðuÞÞdu (5)

(where a is any fixed point of I), and

Ef ðY Þ � Ef ðX Þ ¼ �

Z
I

f 0
ðuÞðF ðuÞ � GðuÞÞdu. (6)

Remark 1. In the setting of the preceding theorem, the principal value cannot be, in general,
replaced by a proper integral. Take, for instance, f ðxÞ:¼� x cos x þ sin x; and let X be a random
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