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Abstract

Let ℓ be Lebesgue measure and X = (X t , t ≥ 0; Pµ) be a supercritical, super-stable process
corresponding to the operator − (−∆)α/2 u + βu − ηu2 on Rd with constants β, η > 0 and α ∈ (0, 2].
Put Ŵt (θ) = e(|θ |

α
−β)t X t (e−iθ ·), which for each small θ is an a.s. convergent complex-valued martingale

with limit Ŵ (θ) say. We establish for any starting finite measure µ satisfying

Rd |x |µ(dx) < ∞ that

td/α X t
eβt → cαŴ (0) ℓ Pµ-a.s. in a topology, termed the shallow topology, strictly stronger than the vague

topology yet weaker than the weak topology, where cα > 0 is a known constant. This result can be thought
of as an extension to a class of superprocesses of Watanabe’s strong law of large numbers for branching
Markov processes.
c⃝ 2013 Elsevier B.V. All rights reserved.
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1. Introduction

We use MF (Rd) to denote the set of finite measures onRd . We use µ( f ) to denote


f dµ for
a measure µ and integrable function f . It is clear that µ(D) = µ(ID), where ID is the indicator
function of D. Let Cc(R

d) denote the set of continuous functions on Rd with compact support.
In 1967, Watanabe [28] first discussed the strong law of large numbers for branching

Brownian motion. Let (X t , t ≥ 0; Px ) be a branching Brownian motion on Rd (d ≥ 1) starting
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from a single point x ∈ Rd and corresponding to the operator

1
2
△u + a(F(u) − u),

where a is a positive constant and F(s) :=


∞

n=0 pnsn, s ≥ 0, is the generating function of
the offspring distribution {pn, n ≥ 0}. By explicitly using the Gaussian density, Watanabe [28]
proved in the supercritical case, i.e. β := a(F ′(1) − 1) > 0, that under the condition

∞

n=0 n2 pn < ∞, it follows that

X t

eβt t−d/2 → (2π)−d/2ℓ · W, Px -a.s. (1)

as t → ∞ in the sense of vague convergence, where ℓ is the Lebesgue measure on Rd and W
is the limit of the martingale Wt := e−βt X t (1). Later, based on the ideas in [28], Biggins [2]
proved a strong law of large numbers for discrete-time branching random walk.

Suppose (X t , t ≥ 0; Pµ) is a super-Brownian motion on Rd , d ≥ 1, corresponding to the
operator 1

2△u + βu − ηu2, where β > 0 and η > 0 are positive constants, and starting from
µ ∈ MF (Rd). For background on measure-valued processes see Dawson [7]. Then, it seems
that Englander [11] was the first to discuss the law of large numbers for the supercritical super-
Brownian motion (X t , t ≥ 0; Pµ). It was proved in [11] that for any f ∈ Cc(R

d),

X t ( f )

eβt t−d/2 → (2π)−d/2ℓ( f ) · W, in Pµ-probability, (2)

where W is the limit of the martingale Wt := e−βt X t (1). More recently, Wang [27] improved the
convergence in (2) from “in probability” to “Pµ-a.s.” in the special case that µ = δx , x ∈ Rd , by
combining the Fourier analysis used [28] and the uniform convergence method for martingales
used in [2]. Wang’s proof depends on the specific density of Brownian motion and the compact
support property of super-Brownian motion starting from a compactly supported measure. For
more path properties of super-Brownian motion, see Dawson, Iscoe and Perkins [8], Dawson
and Perkins [10], and Perkins [24,25]. But, α-stable processes (α ∈ (0, 2)) do not have specific
density expressions. More critically, for any t > 0, the support of X t , the super-stable process
with index α ∈ (0, 2), is the whole space Rd even when the starting measure µ has compact
support (see Dawson and Perkins [10] or Perkins [25]). Therefore, the methods in Wang [27] do
not transfer over to general µ ∈ MF (Rd) nor to a super-stable process with index α ∈ (0, 2).

Note that both for branching Brownian motion and super-Brownian motion, the mean of X t
is described by the linear operator 1

2△ + β on Rd . The denominator eβt t−d/2 in (1) and (2) is

exactly the growth rate of eβt S
1
2 ∆
t , the semigroup corresponding to 1

2△ + β on Rd , as t → ∞.
In our more general α-stable case, corresponding to the operator −(−△)

α
2 + β, it will again turn

out that the correct scaling, eβt t−d/α , is dictated by the growth rate of eβt S△
α

t , the semigroup
corresponding to −(−△)

α
2 + β.

If 1
2△ is replaced by a diffusion operator L with spatially dependent coefficients or more

general operator and β is spatially dependent, the strong (or weak) law of large numbers for
branching diffusion (or more general branching Hunt processes) and superdiffusion have been
investigated recently by many papers. See [1,6] for branching diffusion, [12] for branching Hunt
processes, and [5,11,14,15,23] (with general branching mechanism) for superdiffusions. In all
of these papers, the mean of the process grows pure exponentially as eλct with some positive
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