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Abstract

A method is developed to numerically simulate coupled solidification and deformation of dendrites. Dendritic solidification is mod- 
eled using the phase-field method. The elasto-viscoplastic deformation of the growing solid is computed using the material point method.
The stress analysis assumes a sharp and stress free solid–liquid interface, with the zero contour line of the phase field used to identify the 
interface. The deformation-induced flow in the liquid is approximated through a zero-gradient extension of the deformation velocities in
the solid. Changes in the crystallographic orientation angle and advection of the phase and temperature fields due to solid deformation 
are all accounted for. Numerous tests are performed to validate the various numerical procedures. The full model is then applied to sim- 
ulate in two dimensions the compression of a single dendrite of a pure substance growing in an undercooled melt. The development of
complex stress and strain distributions is observed. The deformations result in variations in the crystallographic orientation angle within 
the dendrite that, in turn, affect the subsequent solidification behavior. The modeling of the deformation of polycrystalline solidifying 
structures, including the formation of grain boundaries, is described in a companion paper.
� 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Intr oduction 

Deformat ion of the soli d is a common occu rrence dur -
ing meta l casting process es [1,2]. Often the solid deforms 
simp ly due to thermal stresses , but sometime s the deform a-
tion is caused by exter nal forces, for examp le through the 
rolls in continuous casti ng, mold wall movem ent, or an
applie d pressur e. When the casting is sti ll soli difying, the 
deform ations can extend into the semi -solid mushy zone .
This mushy zone is typic ally compo sed of soli d dendrites 
surround ed by liqui d. Defor matio n of the mush can lead 
to num erous defects in a solidified casting, including hot 
tears, macros egregat ion and porosit y. Ther efore, unde r-
standi ng the mech anical beh avior of mush is of great inter -
est for advancing casting sim ulations incorp orating a stre ss

analys is and, ultimate ly, for prevent ing defects in castings 
[3].

The overal l goal of the presen t study is to develop a
numeri cal metho d for simulat ing the deform ation of a
solidify ing mush on the scale of the evolvi ng micro struc- 
ture. Such direct numeri cal simulat ions may lead to
impro ved constitut ive models for use in macros copic stress 
simulat ions. Mush deform ation is a comp lex process 
involv ing mult iple phy sical pheno mena: soli dification and 
formati on of bridges or grain bounda ries betw een den- 
drites, large inela stic soli d deform ation with contact s,
liquid flow, etc. Simul ating all of these process es sim ulta- 
neously would be a very chall enging task. A few research- 
ers have developed methods to investiga te the mechan ical 
behavior of mush. Phillion et al. [4] and Fuloria and Lee 
[5] calcul ated inela stic deform ation of multi- grain and den- 
dritic micro structures , respectivel y, without con sidering 
solidification. Uehara et al. [6] performed therm al stress 
simulat ions in a confined solidify ing micr ostruc ture. Fully 
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coup led solidification and deform ation simulat ions of den -
dritic micr ostruc tures have not been perfor med in the past.
The coupling of the solid ification and deformati on calcul a-
tions is impor tant not only becau se the deform ations are a
functio n of the morpholog y of the evolvi ng soli d, but also 
because the solidification patte rns are affected by the defor- 
mation s. In order to sim plify the pro blem, we focus in the 
present study on dendrit ic solidification and solid deform a-
tion of a pure sub stance in two dimens ions. Stresses that 
are exerted by the liquid on the solid are neglected . This 
assum ption is realist ic when the liqui d can “drain” freely.
In fact , the flow of the liquid is not modeled at all. Trans- 
form ation stresses /stra ins, stre ss-indu ced pha se trans for- 
mation s, and heat generat ion due to inelasti c deformati on
are not consider ed. Thes e assum ptions are all app ropriate 
for a slow ly deform ing mush. All material prop erties are 
assum ed to be constant, and the therm ophysica l propert ies 
of the solid and liqui d are assum ed to be equal.

The simulat ion of dendrit ic solid ification with large 
solid deform ations necessitat es numero us choices regard- 
ing the models to be used and the numerica l methods to
be emp loyed. The pha se-field method [7,8 ] is used in the 
present study to simulat e solidification. Since it employ s
a diffuse inter face concept, it is espec ially wel l suited for 
hand ling morph ologic al changes and singul arities , such as
those cau sed by portion s of a dendrite impin ging on one 
another. Such wetting and bridgi ng phe nomena are not 
well handled by tradi tional sharp interface approac hes. In
additio n, pha se-field method s are avail able to sim ulate 
solid ification of mult iple cryst als whi le accounti ng for their 
individ ual cryst allog raphic orient ations and the formati on
of grain bounda ries [9]. The main new feature of the pres- 
ent phase-field calcul ations is that due to the deformati on
of the solid, the crystall ographic orienta tion ang le is no
longer unifor m within a single den drite and continuou sly 
evolves . Furtherm ore, the phase-field and the temperatur e
field are advecte d by the deform ation velocity. The stress 
model for sim ulating the elasto-visco plastic deformati on
of the soli d assum es that the solid–liquid inter face is sharp.
The zero contour line of the pha se field is used to identi fy
the interface. The stre ss mod el is only solved in the soli d
and the soli d–liquid interface is taken as stress free. The 
numeri cal method employ ed in the solut ion of the stress 
model needs to be able to han dle large stra ins, self -conta ct
and impinge ment of soli d. Parti cle methods or meshless 
methods are attracti ve for this pur pose, bec ause they do
not suffer from the mesh colla pse or entangl ement prob -
lems typical of Lag rangian finite-element methods (FEMs).
In the present study, the mate rial poin t method [10] is
selec ted. The main feat ure of this method is that is uses,
as in a parti cle method, a Lagrangi an description for the 
motio n of material points, and a fixed Euleri an back -
ground mesh for solvin g the equati on of moti on. The latter 
featu re makes the mate rial point method wel l suit ed for 
coup ling with the (Eulerian) phase-field method.

The present pap er is limit ed to the simulat ion of the cou -
pled soli dification and deformati on of a single dendrite.

This simplification is made in ord er to allow for detai led 
testing and validati on of the methods employ ed. Several 
example s are present ed that illustr ate the comp lex phy sical 
phenomen a involv ed. A compan ion pap er [11] then extends 
the present method to consider multiple dendrite s and
grain bounda ries.

2. Models and numer ical procedu res 

2.1. Pha se-field metho d for dendri tic solidification in the 

presence of soli d defor mation 

The standar d phase-field model of Karm a and Rappel 
[12] is used to simu late dendritic solidification of a pure 
substan ce from an undercoo led liquid melt. Let / denote
the pha se field, where / = ±1 refer s to the bulk soli d and
liquid phases, respectivel y. The anisotro pic form of the 
two-dim ensional pha se-field evolution equation is given by:
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wher e s/(a) = s0n
2(a) and W(a) = 0n(a) are orientati on- 

depende nt relaxati on time and diffuse interface thickne ss
parame ters, respect ively, in which a is the (crystallographi c
orientati on) angle betw een the inter face nor mal and the 
crystal axes. The usual 4-fold crysta lline anisotropy func- 
tion n = 1 + e cos (4a) is used, wher e e is the anisotro py
strength of the surfa ce energy. The phen omenologi cal bulk 
free energy functio n is given by f ð/; khÞ ¼ qð/Þ þ khpð/Þ,
in which q(/) = �/2/2 + /4/4 is a double-wel l functio n
and p(/) = / � 2/3/3 + /5/5 is an odd functi on. The 
dimension less tempe ratur e is given by h = (T � Tm)/(L/
cp), in which T, Tm, L and cp are the temperatur e, melting 
point, laten t heat and specific heat, respect ively. The cou- 
pling constant, k, and the relax ation time, s0, are cho sen 
in acco rdance with the thin- interface analysis of Karm a
and Rapp el [12] in order to mod el kinetics- free growth.
The parame ter W0 has to be reduce d until a con verged 
solution that is ind ependent of the diffuse inter face thick- 
ness is obtaine d. The tempe rature field is obt ained from 
the follo wing heat equ ation:
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wher e D is the thermal diffusivity. All other detai ls can be
found in the original Ref. [12].

The term s in Eqs. (1) and (2) invo lving the veloci ty vec- 
tor, v, acco unt for advecti on of the phase field and the tem- 
perature field. Since Eqs . (1) and (2) are solved over the 
entire comp utational domain, the veloci ty field must be
known everywhe re. The deform ation velocity in the soli d
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