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a b s t r a c t

The spatial relative risk function is defined as the ratio of densities describing respectively
the spatial distribution of cases and controls. It has proven to be an effective tool for visu-
alizing spatial variation in risk in many epidemiological applications over the past 20 years.
We discuss the generalization of this function to spatio-temporal case-control data, and
also to situations where there are covariates available that may affect the spatial patterns
of disease. We examine estimation of the generalized relative risk functions using kernel
smoothing, including asymptotic theory and data-driven bandwidth selection. We also
consider construction of tolerance contours. Our methods are illustrated on spatio-
temporal data describing the 2001 outbreak of foot-and-mouth disease in the United
Kingdom, with farm size as a covariate.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Suppose that an epidemiologist is presented with a
dataset comprising the geographical coordinates of cases
and controls for some disease of interest. A first step in
handling such data would typically be an exploratory anal-
ysis, aimed at getting some overall feel for the spatial var-
iation in disease risk. However, this may prove difficult
from a simple scatterplot. Consider, for example, the plots
in Fig. 1, which display the locations of cases and controls
for cancer of the larynx in Chorley–Ribble region of Lanca-
shire, England, for the period 1974–1983. (See Diggle
(1990) for details.) As one would expect, the pattern of
cases reflects the spatial distribution of the population at
risk (as described by the controls), but it is difficult to
say much more from the raw data plot. In particular,
assessment of spatial variation of risk (including prelimin-
ary identification of possible disease hot spots) is problem-
atic. The epidemiologist would be hard pressed to say

whether there are tangible differences in the relative risk
of disease between the major population centers, for
example.

Arguments of this type motivated Bithell (1990) to pro-
pose the spatial relative risk function, which provides a
smooth ‘map’ describing the geographical variation in the
relative frequency of cases to controls. It is defined for-
mally as follows. For any location x in some designated
geographical region R# R2 of interest, the spatial relative
risk at x is given by

rðxÞ ¼ f ðxÞ
gðxÞ ; ð1Þ

where f is the bivariate probability density of the geo-
graphical coordinates of cases of the disease over R, and
g is the density of controls over the same region. In practice
rðxÞ must be estimated from case-control data (Bithell,
1990; Bithell, 1991). Plots of estimates of the relative risk
function, or more commonly the log-relative risk function
qðxÞ ¼ logfrðxÞg, have proven to be a highly effective tool
for exploratory data analysis, aiding visualization of spatial
patterns of risk. See for example Sabel et al. (2000), Prince
et al. (2001), Berke (2005), Wheeler (2007), Sanson et al.
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(2011) and Zhang et al. (2012) for applications in both hu-
man and veterinary epidemiology.

Estimation of rðxÞ requires only information on the geo-
graphical coordinates of sets of disease cases and controls.
However, it is frequently the case that such individual level
disease data are indexed by time of occurrence (or at least
detection), and accompanied by covariates. When this is
the case there is the potential to examine the way in which
the spatial pattern of disease varies through time, or
changes with other variables. A simple methodology is to
compute rðxÞ from subsets of case-control data stratified
by time or covariate of interest. For example, Benschop
et al. (2008) investigated the spatio–temporal pattern of
Salmonella infection in Danish finisher pig herds by
looking at a time-sequence of estimates of rðxÞ each com-
puted from (large) yearly datasets. However, this type of
approach involves unnecessary aggregation of the data,
and fails to take advantage of potential stabilization of
estimates that can be obtained by smoothing over time
or covariate space.

With these comments in mind, we seek to extend the
spatial relative risk function to produce tools to help epi-
demiologists visualize the manner in which geographical
patterns of risk change through time, or vary with covari-
ates. We define the generalized spatial relative risk function
by

rðx; zÞ ¼ f ðx; zÞ
gðx; zÞ ; ð2Þ

where f ðx; zÞ and gðx; zÞ denote respectively for cases
and controls the joint distribution of event coordinates
x ¼ ðx1; x2ÞT and a vector of covariate values z ¼
ðz1; . . . ; zpÞT 2 Z. We write qðx; zÞ ¼ logfrðx; zÞg for the
log-generalized spatial relative risk function. In an analo-
gous manner (indeed, in essence as a special case) we
define the spatio-temporal relative risk function by

rðx; tÞ ¼ f ðx; tÞ
gðx; tÞ ; ð3Þ

where t 2 T is the time of occurrence of the event at loca-
tion x. As before, qðx; tÞ ¼ logfrðx; tÞg. In many situations

we would expect the control density to remain unchanged
through time, in which case (3) becomes

rðx; tÞ ¼ jT jf ðx; tÞ
gðxÞ ; ð4Þ

where jT j denotes the length of the time period under con-
sideration. We note that a particular implementation of (3)
was recently examined by Zhang et al., 2011, although
these authors did not study (4).

An alternative generalization of (1) is provided by the
conditional spatial relative risk function, defined by

rðxjzÞ ¼ f ðxjzÞ
gðxjzÞ ; ð5Þ

where f ðxjzÞ and gðxjzÞ denote, respectively, the condi-
tional density of event location given covariate vector z,
for cases and controls. The conditional spatio-temporal rel-
ative risk function is defined analogously:

rðxjtÞ ¼ f ðxjtÞ
gðxjtÞ : ð6Þ

If the control density does not change through time then
(6) becomes

rðxjtÞ ¼ f ðxjtÞ
gðxÞ :

The functions rðxjzÞ and rðxjtÞ are respectively simply re-
scaled versions of the generalized spatial and spatio-tem-
poral relative risk functions. For the former function,

rðxjzÞ ¼ f ðx; zÞgðzÞ
gðx; zÞf ðzÞ ¼ rðx; zÞ gðzÞ

f ðzÞ ;

where f ðzÞ and gðzÞ are the marginal densities of the covar-
iate vector for cases and controls respectively. We can
think of the difference between rðx; zÞ and rðxjzÞ in terms
of normalization. Specifically, rðx; zÞ is normalized byZ
R

Z
Z

rðx; zÞgðx; zÞdxdz ¼ 1;

so that the mean risk is one when averaging over space and
covariates. On the other hand,
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Fig. 1. Locations of cases of cancer of the larynx (left panel) and controls (right panel) in south Lancashire, England.
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