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a b s t r a c t

A nonparametric accelerated failure time (AFT) model is considered to evaluate the
dependability measures of a water supply system laid in a city of the Mediterranean Sea.
To do it, a set of breakdown data of sections of pipe of the system is available.

Unlike the usual methods that assume a parametric family for the underlying lifetime,
we propose an AFT model with an unspecified distribution for the underlying lifetime.

To carry out the model fitting we suggest a two-stage procedure. Firstly, we estimate the
influence of certain factors over the lifetime of the system. Secondly, we propose modern
and flexible statistical tools based on counting processes to construct a smooth estimate
the reliability measure of a specific system. We prove the good asymptotic properties of
the estimator.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

In reliability analysis, right-censoring and left-truncation are common features arising in lifetime datasets. Consequently,
specific models and statistical procedures to analyze failure times data have been developed in the specialized literature. The
proportional hazards (PH) model [1] and the accelerated failure time (AFT) model [2,3]are frequently used in applied studies
(see for example [4–6]).

The main advantage of the PH model is that no additional assumptions about the baseline hazard function are needed to
evaluate the effect of the covariates on the lifetime distribution. However, the basic PH assumption may not hold in many
practical cases. In such situations, the AFT model has proven to be a convenient and intuitive alternative.

The AFT model establishes a direct relationship between the failure time and the covariates. The estimation of the model
is usually carried out by assuming a parametric distribution for the lifetime. In this paper we refer to this model as paramet-
ric AFT. Several approaches have been proposed for the estimation of a parametric AFT model, see [2,7]. However, such para-
metric AFT model is very restrictive in most cases. As an alternative, semi-parametric models, where no assumptions are
specified for the underlying survival distribution, can be more convenient in practice. Ritov [8] studied the general linear
square estimation method, rank-based methods for censored data have been proposed by Tsiatis [9], Lai and Ying [10] or
Jin et al. [11], and least squares based methods for censored data have been explored, for example, by Miller [12],
Buckley and James [13] or Stute [14]. Stute [15,16] considered a semi-parametric AFT model and introduced a procedure
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to estimate the regression coefficients under random censorship. Gross and Lai [17] developed a regression analysis under
the presence of left-truncation in addition to right-censoring. Their approach is based on the estimation of a trimmed func-
tional of the survival distribution, given that, with this sampling scheme, the lifetime is only observable within the range
between the lower boundary of the support of the truncation variable and the upper boundary of the support of the censor-
ing variable. It leads to estimators of the regression parameters which are relatively simple to obtain and useful to explore
the relationship between the response variable and the covariate vector.

The interest in this paper goes further the estimation of the regression parameters since our practical motivation is to
evaluate the dependability measures of a water supply system laid in a city of the Mediterranean Sea. So we aim to provide
a reliable estimation of the probability of survival of a particular pipe beyond a specific period of time. To this goal we
propose the use of nonparametric tools for evaluating the risk of failure in the water supply system. With the term ‘‘nonpara-
metric’’ we mean that we do not consider any particular family of distributions for the underlying lifetime. In other words, a
semi-parametric AFT that directly links the failure time of a pipe to its particular characteristics has been taken into account.

We follow a sequential procedure. Firstly, we consider the methods suggested by Gross and Lai [17] to estimate the
parameters involved in the regression problem. These estimates are used to transform the data into the baseline scale of
time. Then we conduct a nonparametric procedure to estimate the baseline survival function. Finally, a back transformation
provides the estimator of the survival function for a specific subject.

The baseline survival function is estimated using a weighted-least-squares minimization approach that provides a local
linear estimator. The estimator is closely related to the hazard estimator suggested by Nielsen and Tanggaard [18] and the
density estimator by Nielsen et al. [19]. In these papers, the authors consider a counting process formulation to represent
survival data. The advantage of this formulation is that complicated truncation and/or censoring schemes may be easily
incorporated to the model. We adopt this point of view in this paper since the dataset that we analyze consists of breakdown
data of sections of pipe of the system, where left-truncation and right-censoring are present.

The rest of the paper is structured as follows. In Section 2 it is described the model under a counting process formulation
which comprises the important cases of left-truncation or/and right-censoring. Our proposal is fully described in Section 3.
The sequential procedure to derive the semi-parametric estimator of the survival function is introduced in Section 3.1.
Section 3.2 describes the estimation of the regression coefficients in the semi-parametric model. Section 3.3 describes the
nonparametric local linear estimator of the baseline survival. The asymptotic properties of the local linear estimator are
derived in Appendix A. Section 4 shows a simulation study to report the performance of the proposed model and methods.
The analysis of the water supply system dataset is described in Section 5. Section 6 concludes the paper.

2. The model

For i ¼ 1; . . . ;n, let Ti denote the event time for the ith subject. We assume that the subjects are independent. Define NiðtÞ
as the number of events that have occurred on the ith subject by time t in the absence of filtering. That is, NiðtÞ ¼ IðTi 6 tÞ,
where Ið�Þ is the indicator function. Also define YiðtÞ as the indicator function that takes the value 1 if the ith individual is at
risk at time t, which means that it has not failed and it is under observation. So, Y ðnÞðtÞ ¼

Pn
i¼1YiðtÞ counts the number of

individuals at risk at time t and fY ðnÞðtÞ; t P 0g is called the risk process.
Suppose that the mean function of the counting process NiðtÞ associated with a k-vector of covariates Xi takes the form

E NiðtÞjXif g ¼ Pr Ti 6 tjXif g ¼ U0 t exp �b0Xið Þð Þ; ð1Þ

where b is a k-vector of unknown regression parameters, and U0 is an unspecified continuous function. If we write
T0;i ¼ Ti exp �b0Xið Þ and define N0;iðtÞ ¼ IðT0;i 6 tÞ, then, clearly N0;iðtÞ ¼ Ni t exp b0Xið Þð Þ, and also, under (1) we have that

E N0;iðtÞ
� �

¼ Pr T0;i 6 t
� �

¼ U0ðtÞ:

It means that the probability of failure by time t at the level Xi ¼ x equals the probability of failure by time t exp �b0xð Þ at the
level Xi ¼ 0. In other words, the set of covariates Xi affects the probability of occurrence of the failure by expanding or con-
tracting the time scale on which this event occurs by a multiplicative factor exp �b0xð Þ relative to that of a zero-valued
covariate vector, that is we have the following direct and intuitive relationship

Ti ¼ exp b0Xið ÞT0;i;

or, equivalently

log Ti ¼ b0Xi þ �i; ð2Þ

where the error terms �i ¼ log T0;i, for i ¼ 1; . . . ;n, have a common distribution with survival function S0. This function is
called the baseline survival and it represents the survival function of a subject at the zero-valued level of covariates.

The important situation of right-censoring and/or left-truncation can be described from the general counting process for-
mulation given above just as particular cases. Many papers in the literature which are relevant to our purposes are described
just in the case of right-censoring or both right-censoring and left-truncation (e.g. [15–17]). To facilitate the reference to
these previous papers we conclude this section by describing the data formulation commonly used in the case of
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