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Noether and master symmetries for the Toda lattice
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Abstract

In this letter we examine the interrelation between Noether symmetries, master symmetries and recursion
operators for the Toda lattice. The topics include invariants, higher Poisson brackets and the various relations
they satisfy. For the case of two degrees of freedom we prove that the Toda lattice is super-integrable.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In this letter we illustrate some connections between two major approaches to studying integrable
Hamiltonian systems. The first approach uses Lie group analysis to obtain symmetries of differential
equations. The second approach uses standard techniques in the theory of integrable systems which
include Lax pair formulations, master symmetries and Poisson brackets. The main link between the
two approaches is Noether’s theorem. Noether proved that a physical system whose Lagrangian is
invariant with respect to the symmetry transformation of a Lie group has a conservation law (constant
of motion) for each generator. This is of course the main problem in Hamiltonian integrable systems:
the search for invariants. If enough invariants exist, then the system is integrable and classical results
allow the integration of the equations of motion. The available techniques are limited; we mention
the Hamilton–Jacobi method of separation of variables, Painleve analysis, the Lax pair approach and

∗ Corresponding author. Tel.: +357 22 892654; fax: +357 22 892601.
E-mail addresses:damianou@ucy.ac.cy (P.A. Damianou), christod@ucy.ac.cy (C. Sophocleous).

0893-9659/$ - see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2004.02.005

http://www.elsevier.com/locate/aml


164 P.A. Damianou, C. Sophocleous / Applied Mathematics Letters 18 (2005) 163–170

Noether’s theorems. In recent work, the bi-Hamiltonian approach of Magri [1] has been proven useful
in conjunction with the method of separation of variables; the related concept of master symmetries is
useful in the Lax approach. In this paper we show that the master symmetries may be generated from
the knowledge of the hierarchy of Poisson brackets and a master integral that is obtained via Noether’s
theorem. We have chosen to illustrate our results on the most typical system, the Toda lattice. However,
the procedure is general and may be used for other integrable systems as well. In this letter we also
examine point and generalized Noether symmetries, and for the case of two degrees of freedom we
produce a new integral which is not polynomial. Based on this two dimensional example we conjecture
that the Toda lattice is super-integrable. A Hamiltonian system withN degrees of freedom is called
super-integrable if it possesses 2N − 1 integrals of motion.

2. Toda lattice

The Toda lattice is a Hamiltonian system with Hamiltonian function

H (q1, . . . , qN , p1, . . . , pN) =
N∑

i=1

1

2
p2

i +
N−1∑
i=1

eqi −qi+1. (1)

The functionqj (t) is the position of thej th particle andpj (t) is the corresponding momentum. This is
the classical, finite, nonperiodic Toda lattice. This system was investigated in [2–6] andnumerous other
papers that are impossible to list here.

Let J1 be the symplectic bracket with Poisson matrix

J1 = 4

(
0 I

−I 0

)
,

whereI is theN × N identity matrix. We defineJ2 to be the tensor

J2 = 2

(
A B

−B C

)
,

whereA is the skew-symmetric matrix defined byai j = 1 = −aj i for i < j , B is the diagonal matrix
(−p1,−p2, . . . ,−pN) andC is the skew-symmetric matrix whose non-zero terms areci,i+1 = −ci+1,i =
eqi −qi+1 for i = 1, 2, . . . , N − 1. This bracket is due to Das and Okubo [7]; see also [8].

We define

h1 = −2(p1 + p2 + · · · + pN),

andh2 to be the HamiltonianH . Then we have the following bi-Hamiltonian pair:

J1∇ h2 = J2∇ h1.

We define the recursion operatorR = J2J−1
1 and the higher order Poisson tensorsJi = Ri−1 J1. We

finally define the conformal symmetry

Z0 =
N∑

i=1

(N − 2i + 1)
∂

∂qi
+

N∑
i=1

pi
∂

∂pi
, (2)
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