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B-Functions for abelian and nonabelian gauge theories are studied in the regime where the large N flavor
expansion is applicable. The first nontrivial order in the 1/N expansion is known for any value of N,
and there are also various indications as to the nature of higher order effects. The singularity structure
as a function of Na has implications for the existence of nontrivial fixed points.
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For a sufficiently large number of flavors a nonabelian gauge
theory will loose asymptotic freedom and will in this way resem-
ble an abelian gauge theory. We shall thus focus our attention on
the abelian case and then later extend the discussion to the non-
abelian case.

It is generally believed that a U(1) gauge theory with N
charged fermions has a running coupling that grows monotoni-
cally towards the ultraviolet, and thus suffers from a Landau pole.
This is the indication from the one-loop B-function. But there is
much more known about the perturbative B-function and there
have been recent calculations that have extended our knowledge
to 5-loops. We also have complete knowledge of the first nontriv-
ial order in the 1/N expansion for any value of N¢, and so this
makes the large N expansion a useful way to organize the pertur-
bative expansion. The question is whether any of this allows us to
glean anything further about the possible existence of nontrivial
fixed points. Although any perturbative approach will introduce a
renormalization scheme dependence, it can still be hoped that the
existence or nonexistence of a fixed point will leave some mark on
the perturbative results.

According to a lattice result [1] there is no nontrivial fixed point
in a U(1) gauge theory for N = 4. We shall be concerned with
larger N where the large N expansion suggests other possibili-
ties. This provides some motivation to study larger N values on
the lattice as well, for sufficiently large values of No. Extending
the current lattice result to N =8,12,16,... would appear to be
relatively straightforward.
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The U(1) B-function is defined as
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The one loop result is B(a) =2A/3 where A= Na/m. We may
write an expansion in 1/N as follows,
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The “1” corresponds to the one loop result and we shall refer to it
as the zeroth order term in the 1/N expansion. Each F;(A) repre-
sents a class of diagrams having the same dependence on N when
A is held fixed, and such diagrams exist to all orders in A. If the
functions |F;(A)| were bounded then for sufficiently large N one
could conclude that the zeroth order term dominates and that the
Landau pole is unavoidable. But singularities in the F;(A) will keep
us from drawing this conclusion.

We collect together what is known about the F;(A)’s in the MS
renormalization scheme.

F1(A) = | Ih(x)dx, (3)

o\wb

1 +x02x —1)22x —3)%sin(wx)3 ' (x — 1)2I(=2x)
x—2)m3

Lix) =

’

(4)


http://dx.doi.org/10.1016/j.physletb.2010.09.037
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
mailto:bob.holdom@utoronto.ca
http://dx.doi.org/10.1016/j.physletb.2010.09.037

B. Holdom / Physics Letters B 694 (2010) 74-79

75

107 /
87 N=1/ N=2
< 67 /
q /
T 4
& 4
on 24 )
L — A
0 i 2 3 4 5 6
21
_4,
-6 N=8
5] N=4
-10-
Fig. 1. The sum of the known contributions to 38(«)/2A in (3)-(7).
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Fig. 2. F1(A) as defined in (3).
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" 4961 " 117 B 119¢(3) Ay (5) spond to the insertion of the appropriate number of fermion loops
13824 2880 144 ’ on the photon line, and these bubble chains have been summed
up to produce the result (3) [2]. An important feature of F;(A) is
F3(A) = _ﬂAB +..n, (6) that itslex.pansion displays a finite radius of convergence, which is
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Important for our study is the fact that F{(A) is known com-
pletely [2]. We have expressed the integrand I1(x) in a form that
makes more clear the location of its zeros and poles. The A3 terms
in F(A) and F3(A) were calculated in [3], the A% term in F»(A)
in [4], and the F4(A) term in [5]. The latter two results are 5-loop
calculations.

One way to express the results in (3)-(7) is to plot their sum
and ignore what is not known. The result for the 38(x)/2A for
various N is displayed in Fig. 1. A zero would indicate a nontrivial
fixed point, but the zeros are occurring at values of A that are too
high to ignore higher order terms. Thus we cannot deduce much
from this plot, except to notice sensitivity of the g-function to N.

integer n > 0. The integration can be handled with a Cauchy prin-
cipal value prescription and the result is shown in Fig. 2. Clearly
F1(A) only changes logarithmically as the singular points are ap-
proached. And these singularities become weaker for larger n.
Close to the first singularity at A =15/2 we find
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Nevertheless even this weak singularity can cause the g-function
at this order to vanish at a fixed value of N. As Fig. 2 indicates
there will be two nearly coincident zeros of 1+ F1(A)/N at
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