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We use a method of linearization to study the emergence of the future cosmological singularity
characterized by finite value of the cosmological radius. We uncover such singularities that keep Hubble
parameter finite while making all higher derivatives of the scale factor (starting out from the d) diverge
as the cosmological singularity is approached. Since such singularities has been obtained before in the
brane world model we name them the “brane-like” singularities. These singularities can occur during

the expanding phase in usual Friedmann universe filled with both a self-acting, minimally coupled scalar

Keywords: field and a homogeneous tachyon field. We discover a new type of finite-time, future singularity which
Singularity with finite value of scale factor is different from type I-IV cosmological singularities in that it has the scale factor, pressure and density
Brane finite and nonzero. The generalization of w-singularity is obtained as well.

Scalar field © 2010 Elsevier B.V. All rights reserved.

Tachyon potential

1. Introduction

Starting out from the discovery of the cosmic acceleration [1]
there have been constructed many models of the dark energy, in-
cluding the very unusual ones: the phantom energy, the tachyon
cosmologies, the brane worlds etc. Consideration of these models
results in some unexpected conclusions about possibility of new
cosmological doomsday scenarios: the Big Rip singularity (BRS) [2],
the Big Freeze singularity (BFS) [3,4], the Sudden Future singularity
(SFS) [5], the Big Boost singularity (BBtS) [6], and the Big Break sin-
gularity (BBS) [7,8]. In all these models the evolution ends with the
curvature singularity, |d(t)| — oo, reachable in a finite proper time,
say as t — ts. BRS and BFS both take place in the phantom models
but with the different equations of state. In particular, BRS takes
place if w = p/p = const < —1 whereas BFS occurs for the dark
energy in the form of a phantom generalized Chaplygin gas. Mod-
els with the SFS, BFS, BBtS and BBS singularities are characterized
by a finite value of the cosmological radius but different values of
Hubble expansion parameter H; = H(t;) and different signs of (di-
vergent) expression ds/a (cf. also [9]):

ds

as = o0, Hs = +o00, p =400, (BRS)
S
ds
as < 00, Hg = 400, o = 400, (BFS)
S
ds
as < 00, 0 < Hs < 00, a—:—oo, (SFS)
S
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as < 00, 0 < Hg <00, — =400, (BBtS)

ag <oo, Hs=0, (BBS)

Remark 1. One of classifications of singularities for the modified
gravity was given in [10]; for the classification and discussion con-
cerned with avoiding the singularities in the alternative gravity
dark energy models cf. [11]. Another classification of finite-time
future singularities (type I-IV singularities) is presented in [12].
According to this classification, the BRS is a singularity of type I,
BFS is of type III, SFS and BBtS are type I and BBS — type II with
ps = p(ts) =0 (although this is a quite non-trivial special case of
a type Il singularities). Our classification doesn’t contain singular-
ities of IV type (for t — t;, a — a5, p — 0, |p| — 0 and higher
derivatives of H diverge) but as we shall see in Section 6, the clas-
sification of Ref. [12] is not exactly complete too: the type IV is the
special case of a more general type of singularities.

Remark 2. Another type of “singularity” — so-called w-singularity
was obtained in [13]. This “singularity” has a finite scale factor,
vanishing energy density and pressure, and the singular behavior
manifesting itself only in a time-dependent barotropic index w(t).
The w-singularities seem to be most similar to the type IV but are
different nonetheless since they do not lead to any divergence of
higher order derivatives of H [13].

One surmises that w-singularity is not a correct physical singu-
larity since all the physical values (i.e. density, pressure and higher
derivatives of the scale factor or Hubble roots) are finite. Moreover,
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the definition of w-singularity from the [13] is an incomplete one.
To show this let us consider the following form of the scale factor

a(t) =as — A(ts —t)™. ()

(1) is the special case of the general form of the scale factor from
the [13] (with B=0, A=as, C/t} = —A, D=1, n=m). One can
show that for t — ts:

(a) type III singularity if 0 <m < 1;
(b) type II singularity if 1 <m < 2;
(c) w-singularity if m > 2.

The case m =1 results in a model with the constant barotropic

index w = —1/3. The case m =2 is the most interesting one be-
cause

4A
p—0, p—> — #0, |lw| — oo.

3as
and
dZHH d2n+1 H AﬂJrl
den o drzntt gt =%

S

at t =t;. Thus we have some generalization of w-singularity such
that the pressure is non-vanishing and finite at t =t;.

The BRS and BFS have been obtained in the phantom cosmolo-
gies (BRS for the phantom perfect fluid with equation of state
p/p =w = const < —1 and BFS for the phantom Chaplygin mod-
els. Throughout the Letter we’ll stick to the metric units with
8w G/3 =c=1). The BBtS is connected to the effect of the con-
formal anomaly that drives the expansion of the Universe to a
maximal value of the Hubble constant, after which the solution
becomes complex. The BBS takes place in tachyon models.

Unlike BRS, BFS and BBtS altogether, the BBS and SFS are vio-
lating just the dominant energy condition (p >0, —p < p < p). It
is also possible to obtain some generalization of these singulari-
ties. In particular, generalization of the Sudden Future singularities
(the so-called Generalized Sudden Future singularities or GSFS) are
singularities such that one has the derivative of pressure p™m—2)
singularity which accompanies the blow-up of the m-th deriva-
tive of the scale factor a®™ [14]. These singularities are possible
in theories with higher-order curvature quantum corrections [12]
and corresponds to classification in this Letter.

Despite the fact that there has recently been a great inflow of
articles, elaborating on the aforementioned singularities, an abso-
lute majority of them has been of a mathematical nature, while the
physical reasons for arousal of such singularities still remain less
then clear. A remarkable exception is the article [4], which has in-
troduced for the first time a new type of cosmological singularities
located on the brane (for discussion about the soft singularities on
brane with the quantum corrections cf. [15]). These singularities
are characterized by the fact that while the Hubble parameter and
scale factor remain finite, all higher derivatives of the scale fac-
tor (d etc.) diverge as the cosmological singularity is approached.
These singularities may be obtained as the result of embedding
of (3 + 1)-dimensional brane in the bulk and this is why these
singularities will be henceforth referred to as the “brane-like” sin-
gularities. We'll define the “brane-like” singularities in a following
fashion: we’ll say that singularity is of a “brane-like” type if at the in-
stance of its occurrence both scale factor and density remain finite and
nonzero, while all the higher order derivatives of scale factor (starting
with the second order) become altogether singular, i.e. a — as, p — ps,
0<as <o0,0< ps <00, d"as/dt" = oo for n > 1.

Evidently, the class of “brane-like” singularities includes the sin-
gularities of type II (with ps # 0) or SFS and BBtS. Moreover, BBS

will also be of this type whenever we are talking about the models
with the constant positive curvature, since at the singularity point
ps=1/a;.

The physical nature of “brane-like” singularities emergence is
quite clear: in the simple case with Z reflection symmetry and
the identical cosmological constants on the two sides of the brane,
the dynamical equation contains few additional terms. One of
them is the square root of the sum of contributions of density (on
the brane), tension, cosmological constant and the “dark radiation”
(the last one arises due to the projection of the bulk gravitational
degrees of freedom onto the brane [4]). This sum is not positively
defined and might become negative during the cosmological evo-
lution. Thus, the solution of the cosmological equations can’t be
continued beyond the point where this sum turns to zero and
what we end up with at this point is nothing but a “brane-like”
singularity. Since the existence of such singularities is natural in
the brane physics, it won’t be against the logic to assume that the
appearance of “brane-like” singularities in usual Friedmann cos-
mology (SFS or BBtS) might be an evidence of validity of the brane
hypothesis. Therefore it is interesting to consider “brane-like” sin-
gularities without a brane (i.e. in FLRW cosmology) to establish
the particular form of potential and the equation of state that will
result in such singularities during cosmological dynamics. Such
potential and the equation of state may altogether be useful for
answering the big cosmological question: Don’t we really live on
the brane?

Furthermore, such singularities may actually result in very un-
usual models. In fact, let's consider the universe which contains
a “brane-like” singularity. If the universe is filled with a scalar
field while the Hubble parameter H(ts) = Hs and the scale factor
a(ts) = as are finite at the singular point (Hs < 0o, as < co) then
the value of the scalar field ¢ (t;) = ¢s might be finite as well. On
the other hand, quantum corrections of higher order (in N-loops
approximation) depend on the higher derivatives. If higher deriva-
tives of scale factor diverge then this will also be the case for the
scalar field. So one can expect that since all higher derivatives of
scale factor and field alike diverge as the cosmological singular-
ity is approached, then the quantum effects will be dominating for
t — t;. This will be the case in spite of the fact that both density
ps and scale factor ag will be finite and that p; might be small and
as — very large.

It may seem that quantum corrections will be dominating be-
cause the pressure |p| — oo as the cosmological singularity is
approached. This is not the case for the singularities of the IV
type being “brane-like” by definition. Moreover, in Section 6 we’'ll
construct the singularities of even more general type that will vi-
olate the classifications of [12] since ps and ps will be finite and
nonzero and all higher derivatives will diverge.

In this Letter one constructs “brane-like” singularities in Fried-
mann-Lemaitre-Robertson-Walker universe filled with the usual
self-acting, minimally coupled scalar field or homogeneous tachyon
field. In this cosmology we’ll also construct the singularities (with
finite scale factor) where that Hubble variable vanishes and all
higher derivatives of the scale factor diverge as the cosmological
singularity is approached. That type of singularities is the gen-
eralization of the Big Break singularities and there will also be
those of the “brane-like” type for the case of a constant positive
curvature. We will calculate both self-acting potential V(¢) and
tachyon potential V(T) that result in appearance of such singu-
larities. Additionally, we’ll present the equation of state for such
models. Moreover, the classification of singularities from Ref. [12]
will be complemented.

This Letter contains a discussion of a simple but useful method
which allows one to construct exact solutions of the cosmological
Friedmann equations filled with both self-acting, minimally cou-
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