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The transition from two-quark bound states to three-quark
bound states opens new problems which refer both to the form
of the quark interaction in the baryon and the structure of three-
quark relativistic wave equation describing this system. In general
form they were studied and solved already by many authors [1-
8] (see other references in Ref. [6]). In practice it is important
to have an approach which can allow to obtain simple and re-
liable estimates for the different experimental quantities regard-
ing to the baryon spectroscopy, the production and decay rates.
Whereas heavy baryons with one or two heavy quarks were in-
vestigated both theoretically and experimentally, the triply heavy
baryons £2q,q,q; containing b- and c-quarks have not been stud-
ied so much. The estimate of masses of the lowest-lying (ccc),
(ccb), (bbc) and (bbb) states is presented in Refs. [9-11]. Their pro-
duction in a c- or b-quark fragmentation is calculated in Refs. [12-
14]. The doubly heavy baryons (Q1Q2q) represent a unique part of
three-quark systems. Two heavy quarks compose a localized quark
nucleus while the light quark moves around this color source at a
distance of order (1/mg). This picture leads to the quark-diquark
model for doubly heavy baryons which was used in Refs. [15-17]
for the description of the mass spectrum and decay widths. More-
over, relativistic and bound state corrections to the mass spectra
of mesons and baryons (in the quark-diquark approximation) and
their different decay rates were also considered in the relativistic
quark model [15-19]. Estimates for the masses of baryons contain-
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ing two heavy quarks have been presented by many authors [4,20-
24] using different QCD inspired models for the quark interactions.
The aim of the present paper is a twofold one. First, we go be-
yond the scope of the quark-diquark approximation in Refs. [15,16]
treating the total baryon Hamiltonian as a sum of two-quark inter-
actions and using the hyper-radial approximation for the ground
state triply and doubly heavy baryons. Secondly, we take into ac-
count relativistic and bound state corrections of order vZ/c2 by
the perturbation theory. So, the purpose of our new investigation
consists in the elaboration of an alternative calculational scheme
of the baryon mass spectrum as compared with the earlier per-
formed investigations in Refs. [15,16] through the use of the three-
quark approach to the baryon problem formulated in Refs. [20-22]
with the Hamiltonian containing the spin-independent and spin-
dependent corrections of order v2/c2.

It should be noted, that the theoretical results on the mass
spectrum of triply and doubly heavy baryons [5-7] remain un-
tapped. In the past several years, the SELEX Collaboration has re-
ported the first observation of doubly charmed baryons [25,26].
But most recently, BaBar Collaboration has reported that they have
not found any evidence of doubly charmed baryons in ete™ an-
nihilation [27]. Nevertheless, we can expect that the mass spectra
and decay rates of triply and doubly heavy baryons will be mea-
sured before long. This gives additional grounds for new theoretical
investigations of triply and doubly heavy baryon properties.

In order to describe the mass spectra of baryons the differ-
ent three-quark Hamiltonians are used [7,15,20,28]. The effective
Hamiltonian of Refs. [20-22] devoted to the calculation of the mass
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spectra of doubly heavy baryons in the three-body approach is
a sum of the string potential V< and the Coulomb interaction
potential VC. A consistent derivation of the three-quark potential
was done in the Wilson-loop approach in Refs. [28,29] which ac-
counts for corrections of order 1/m?2. A construction of the vacuum
polarization contributions to the quark-antiquark interaction op-
erator is performed by many authors (see Refs. [30-32]). Taking
into account the growth of the strong coupling constant for the
interaction of a light quark with the heavy quark and the color
assumption VQQ@) = %VQQ(I), we have included in the pure
non-relativistic three-quark Hamiltonian the vacuum polarization
corrections of order asz in the form [19,30-32]:
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We choose the Hamiltonian (1) as the initial approximation in
our study of the baryon mass spectrum. The operator of quark
momenta p; = —iain, r; is the position of quark i with respect
to a common string-junction point which coincides approximately
with the center-of-mass point (for a more detailed discussion see
Refs. [20-22]) and rjj =r; —rj (compare with Fig. 1). The parame-
ters of the confinement part of the potential are the following [15,
18,19]: A =0.18 GeVZ, B = —0.16 GeV. We take the quark masses
mp =4.88 GeV, m; =1.55 GeV, my, g =0.33 GeV, ms =0.5 GeV as
in our previous [16,17,19] calculations of different hadron proper-
ties on the basis of the relativistic quark model. For the depen-
dence of the QCD coupling constant o = as(,&izj) on the renor-

malization point ,411.2]. we use the two-loop result [33]:
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where A =0.168 GeV. The typical momentum transfer scale in a
quarkonium is of order of the quark mass, so we choose the renor-
malization scale fi;; = 2m;m;/(m; +mj), a; = (31 —10ny/3)/3 and
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Fig. 1. The configuration of the three-quark system (Q1Q2Q3). O is the string-junc-
tion point. Q1, Q2 are the heavy quarks b or c. The quark Q3 is treated as a heavy
quark b, c in the triply heavy baryon or a light quark q in the doubly heavy baryon.

ny is the number of flavors. The three-body Hamiltonian (1) and
the Schrédinger equation can be reduced to the two-body form.
For this aim, the three-body Jacobi coordinates become useful [20,
34,35]:
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where the coefficients «;j, 8j; are expressed in terms of the appro-
priate reduced masses:
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J is an arbitrary mass parameter which disappears in final expres-
sions. Evidently, the coordinate p;; is proportional to the distance
between quarks i and j, and the coordinate A;; is proportional to
the distance between the quark k and the center-of-mass of quarks
i, j. Together with the center-of-mass coordinate R., the Jacobi
coordinates determine completely the position of the system.

In the center-of-mass frame (R = 0) the operator of the ki-
netic energy can be written in the Jacobi coordinates p, A as fol-
lows:
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where K2(£2) is the angular momentum operator, whose eigen-
functions (hyperspherical harmonics) are determined by the equa-
tion [36]:

K*(2)Yk (£2) = —K(K +4) Y (2). (6)

Here 2 designates five angular coordinates and R is the six-
dimensional hyper-radius
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The baryon wave function ¥ (p, A) can be presented as an expan-
sion over functions Y (£2):
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p =Rcoso, A =Rsiné. (7)

The radial wave functions ¥k (R) appearing in Eq. (8) satisfy
the system of differential equations [34,35]. However, in the fur-
ther study of the ground state triply and doubly heavy baryons we
use the hyper-radial approximation in which K =0 and the bound
state wave function ¥ = ¥ (R) does not depend on the angular
variables in the six-dimensional space. Using the Jacobi coordinates
the Schrodinger equation for the three-quark system can now be
transformed into the following form:
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where coefficients y;; are given by
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