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We show that, in the low-scale type-I seesaw model, renormalization group running of neutrino param-
eters may lead to significant modifications of the leptonic mixing angles in view of so-called seesaw
threshold effects. Especially, we derive analytical formulas for radiative corrections to neutrino param-
eters in crossing the different seesaw thresholds, and show that there may exist enhancement factors
efficiently boosting the renormalization group running of the leptonic mixing angles. We find that, as a
result of the seesaw threshold corrections to the leptonic mixing angles, various flavor symmetric mixing
patterns (e.g., bi-maximal and tri-bimaximal mixing patterns) can be easily accommodated at relatively
low energy scales, which is well within the reach of running and forthcoming experiments (e.g., the LHC).

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Experiments on neutrino oscillations have opened up a new
window in searching for new physics beyond the Standard Model
(SM) during the past decade. Since neutrinos are massless particles
within the renormalizable SM, one often extends the SM parti-
cle content in order to accommodate massive neutrinos. Among
various theories giving rise to neutrino masses, the seesaw mech-
anism attracts a lot of attention in virtue of its natural and sim-
ple description of tiny neutrino masses. In the conventional type-I
seesaw model [1–4], three right-handed neutrinos are introduced
with super-heavy Majorana masses far away from the electroweak
scale ΛEW = O(100) GeV. Small neutrino masses are strongly sup-
pressed by the ratio between the electroweak scale and the large
mass of the right-handed neutrinos, which on the other hand,
leaves the theory lacking in experimental testability. However,
there are alternatives that allow us to realize the seesaw mecha-
nism at an experimentally accessible level, e.g., the TeV scale. One
popular way to lower the seesaw scale is to introduce additional
singlet fermions, which have the same masses as the right-handed
neutrinos but different CP parity [5]. They can be combined with
the right-handed neutrinos to form four-component Dirac fields,
while the lepton number is broken by a small Majorana mass in-
sertion. In such a scenario, the masses of the light neutrinos are
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strongly suppressed by the small Majorana mass insertion instead
of the seesaw scale, while the non-unitarity effects in the lepton
flavor mixing can also be boosted to an observable level [6]. Other
possibilities like structural cancellation [7–10] or the minimal fla-
vor seesaw mechanism [11,12] may be employed to construct low-
scale seesaw models.

In principle, the current neutrino parameters are observed via
low-energy neutrino oscillation experiments. On the other hand,
the seesaw-induced neutrino mass operator is usually given at the
seesaw scale. Therefore, neutrino parameters are subject to radia-
tive corrections, i.e., they are modified by renormalization group
(RG) running effects. Typically, at energy scales lower than the
seesaw threshold (i.e., the mass scale of the corresponding see-
saw particle), the RG running behavior of neutrino masses and
leptonic mixing parameters should be described in an effective
theory, which is essentially the same for different seesaw models.
However, at energy scales higher than the seesaw threshold, full
seesaw theories have to be considered, and the interplay between
the heavy and light sectors could make the RG running effects par-
ticularly different compared to those in the effective theory. How-
ever, in the spirit of some grand unified theories (GUTs), a unified
description of fermion masses and flavor mixing depends on the
lepton flavor structure at the GUT scale, which inevitably requires
the RG running between seesaw particle thresholds and above. The
full sets of renormalization group equations (RGEs) in the type-I
[1–4], type-II [13–18] and type-III [19] seesaw models have been
derived, both in the SM, and in the Minimal Supersymmetric Stan-
dard Model (MSSM) [20–26]. The general feature of the running
parameters have also been intensively studied in the literature, and
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it has been shown that there could be sizable radiative corrections
to the leptonic mixing parameters at superhigh energy scales (see,
e.g., Refs. [27,28] and references therein). In particular, certain fla-
vor symmetric mixing patterns can be achieved at the GUT scale
indicating that there might exist some flavor symmetries similar to
the gauge symmetry (see, e.g., Ref. [29] and references therein).

Since the RG evolution together with the threshold effects of
the heavy seesaw particles may result in visible corrections to
the leptonic mixing parameters, there is a need to look into the
RG running effects on the leptonic mixing parameters in the TeV
seesaw model. In this work, we will explore in detail the RG evo-
lution of neutrino masses and leptonic mixing parameters in the
TeV type-I seesaw model. In particular, we will show that the
threshold effects play a crucial role in the RG running of neu-
trino parameters, and some phenomenologically interesting flavor
symmetric mixing patterns may be feasible even at an observable
energy scale.

The remaining part of this work is organized as follows. In Sec-
tion 2, we first present general RGEs of the neutrino parameters in
the type-I seesaw model; in particular, the matching conditions in
crossing the seesaw thresholds. Then, the threshold corrections to
the neutrino parameters are discussed in detail in Section 3. Based
on the analytical results, we illustrate a phenomenologically inter-
esting numerical example in Section 4, in which the bi-maximal
leptonic mixing pattern at TeV scale is shown to be compatible
with experimental data when the seesaw threshold corrections are
properly taken into account. Finally, a brief summary and our con-
clusions are given in Section 5. In addition, there are two appen-
dices including the detailed analytical treatment of the threshold
effects.

2. RGEs in the type-I seesaw model

The simplest type-I seesaw model is constructed by extending
the SM particle content with three right-handed neutrinos νR =
(νR1, νR2, νR3) together with a Majorana mass term of right-handed
neutrinos. The mass part of the lepton sector Lagrangian reads

−L = �LφYeeR + �Lφ̃YννR + 1

2
νc

RMRνR + h.c., (1)

where φ is the SM Higgs boson, while �L and eR denote lep-
ton doublets and right-handed charged leptons, respectively. Here
Ye and Yν are the corresponding Yukawa coupling matrices with
MR being the Majorana mass matrix of the right-handed neutri-
nos. Without loss of generality, one can always perform a basis
transformation and work in the basis in which MR is diagonal, i.e.,
MR = diag(M1, M2, M3). At energy scales below the right-handed
neutrino masses, the heavy right-handed neutrinos should be inte-
grated out from the theory and the masses of the light neutrinos
are effectively given by a non-renormalizable dimension-five oper-
ator

−Ld=5
ν = 1

2
(�Lφ) · κ · (φT �c

L

) + h.c., (2)

where the effective coupling matrix κ can be obtained from the
type-I seesaw formula

κ = Yν M−1
R Y T

ν , (3)

and the Majorana mass matrix of the left-handed neutrinos is

mν ≡ κv2, (4)

with v � 174 GeV being the vacuum expectation value of the Higgs
field.

Because of the seesaw thresholds, the RG running of neutrino
parameters needs to be treated separately. At energies above the
seesaw thresholds, the full theory should be considered and the
relevant beta-functions are given by [20–23]

16π2μ
dYe

dμ
= (

αe + Ce
e He + Cν

e Hν

)
Ye, (5)

16π2μ
dYν

dμ
= (

αν + Ce
ν He + Cν

ν Hν

)
Yν, (6)

16π2μ
dMR

dμ
= CRMR

(
Y †

ν Yν

) + CR
(
Y †

νYν

)T
MR, (7)

where H f = Y f Y †
f for f = e, ν, u,d and the coefficients (Ce

e , Cν
e ,

Ce
ν , Cν

ν , CR) = (3/2,−3/2,−3/2,3/2,1) in the SM. The coefficient
αν is flavor blind and reads

αν = tr(3Hu + 3Hd + He + Hν) −
(

9

20
g2

1 + 9

4
g2

2

)
. (8)

If we make use of mν at energy scales above the seesaw threshold,
we can derive from Eqs. (3) and (5)–(7)

dmν

dt
≡ ṁν = 2ανmν + (

Ce
ν He + Cm Hν

)
mν

+ mν

(
Ce

ν He + Cm Hν

)T
, (9)

with Cm = 1/2. Here, for simplicity, we have defined t = lnμ/

(16π2).
At energies below the seesaw thresholds, i.e., in the effective

theory, neutrino masses are attached to the dimension-five opera-
tor, and the RGE of κ reads

κ̇ = ακκ + (
Ce

ν He
)
κ + κ

(
Ce

ν He
)T

, (10)

where

ακ = 2 tr(3Hu + 3Hd + He) + λ − 3g2
2, (11)

with λ denoting the SM Higgs self-coupling constant.
In crossing the seesaw thresholds, one should ensure that the

full and effective theories give identical predictions for physical
quantities at low energy scales, and therefore, the physical param-
eters of both theories have to be related to each other. In the case
of the neutrino mass matrix, this means relations between the ef-
fective coupling matrix κ and the parameters Yν and MR of the
full theory. This is technically called matching between the full and
effective theories. For the simplest case, if the mass spectrum of
the heavy singlets is degenerate, namely M1 = M2 = M3 = M0, one
can simply make use of the tree-level matching condition at the
scale μ = M0

κ |M0 = Yν M−1
R Y T

ν

∣∣
M0

. (12)

In the most general case with non-degenerate heavy singlets, i.e.,
M1 < M2 < M3, the situation becomes more complicated and the
heavy singlets have to be sequentially decoupled from the the-
ory [30]. For instance, at energy scales between the n-th and
(n − 1)-th thresholds, the heavy singlets are partially integrated
out, leaving only a 3 × (n − 1) sub-matrix in Yν , which is non-
vanishing in the basis, where the heavy singlet mass matrix is
diagonal. The decoupling of the n-th heavy singlet leads to the ap-
pearance of an effective dimension-five operator similar to that in
Eq. (2), and the effective neutrino mass matrix below Mn is de-
scribed by two parts

m(n)
ν = v2[κ(n) + Y (n)

ν

(
M(n)

R

)−1
Y (n)T

ν

]
, (13)
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