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The Casimir interaction energy due to the vacuum fluctuations of a massive vector field between
two perfectly conducting concentric spherical bodies is computed. The TE contribution to the Casimir
interaction energy is a direct generalization of the massless case but the TM contribution is much more
complicated. Each TM mode is a linear combination of a transverse mode which is the generalization of
a TM mode in the massless case and a longitudinal mode that does not appear in the massless case.
In contrast to the case of two parallel perfectly conducting plates, there are no TM discrete modes
that vanish identically in the perfectly conducting spherical bodies. Numerical simulations show that
the Casimir interaction force between the two bodies is always attractive.
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1. Introduction

Casimir effect has been under intensive investigation for its relation to many other areas of physics [1]. It has been studied for both
massless and massive scalar fields as well as spinor fields in different geometric configurations. For electromagnetic fields (massless vector
fields), the situation is more subtle. Although Casimir effect of electromagnetic fields has been extensively studied, there are very few
works that considered Casimir effect of massive vector fields. The pioneering work of Barton and Dombey [2] considered Casimir effect of
a massive vector field on a pair of perfectly conducting plates in vacuum. This work revealed that the analysis for a massive vector field
is much more complicated than for a massless vector field. One of the fundamental differences is that for a massless vector field, one can
regard the electric field and magnetic field as the primary quantities and there is a gauge degree of freedom in the potentials. However,
for a massive vector field, the primary quantities are the scalar and the vector potentials and the gauge freedom is lost. A massless vector
field cannot penetrate through a perfectly conducting plate but for a massive vector field, although the electric field and the magnetic
field have to vanish in a perfectly conducting plate, the potentials need not vanish. The latter implies that even for the Casimir effect of
a massive vector field on a pair of perfectly conducting plates, one has to treat it as if considering Casimir effect in dielectric plates. In
fact, it was shown in [2] that in the configuration of two parallel perfectly conducting plates, the field modes can be divided into three
types. Two of these are discrete modes where the potentials vanish identically in the plates, and the third type is continuum modes with
nonvanishing potentials in the plates. The formula for the contribution of the continuum modes to the Casimir energy can be regarded as
a special case of the Lifshitz formula [1,3,4] for the Casimir energy between dielectric plates.

In [5], we have generalized the work [2] and considered the Casimir effect on a pair of magnetodielectric plates in an arbitrary
medium. We found that the Casimir effect of a massive vector field and a massless vector field have significant differences. As a result,
it is important to investigate the Casimir effect of massive vector fields in geometric configurations other than the parallel plates. In this
article, we consider the Casimir effect of a massive vector field between two concentric perfectly conducting spherical bodies. The Casimir
effect of a massless vector field on two perfectly conducting spherical shells have been considered in [6–10]. It was shown that the Casimir
force always tends to attract the two shells to each other. It will be interesting to see whether this is still true for a massive vector field.

2. Casimir energy of two concentric perfectly conducting spherical bodies

In this section, we compute the Casimir energy between two concentric perfectly conducting spherical bodies (see Fig. 1) due to the
vacuum fluctuations of a massive vector field. A massive vector field is represented by a four-vector 〈ϕ

c , Ax, A y, Az〉, where ϕ is the scalar
potential and A = 〈Ax, A y, Az〉 is the vector potential. The electric field E and the magnetic field B are given respectively by

E-mail address: LeePeng.Teo@nottingham.edu.my.

0370-2693/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2010.12.068

http://dx.doi.org/10.1016/j.physletb.2010.12.068
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
mailto:LeePeng.Teo@nottingham.edu.my
http://dx.doi.org/10.1016/j.physletb.2010.12.068


530 L.P. Teo / Physics Letters B 696 (2011) 529–535

Fig. 1. Two concentric perfectly conducting spherical bodies.

E = −∂A

∂t
− ∇ϕ, B = ∇ × A. (1)

From these, one immediately obtain two of the Maxwell’s equations:

∇ · B = 0, ∇ × E + ∂B

∂t
= 0. (2)

For a massive vector field, the other two Maxwell’s equations have to be modified. In a magnetodielectric medium with permittivity ε
and permeability μ, assume that the usual linear relations D = εE and B = μH hold. Then

∇ · D + m2

μh̄2
ϕ = ρ f , ∇ × H − ∂D

∂t
+ m2c2

μh̄2
A = J f , (3)

where ρ f and J f are the free charges and the free current in the medium. Eqs. (2) and (3) together constitute the Proca equations for a
massive vector field [2]. The potentials ϕ and A satisfy the Lorentz condition

1

c2

∂ϕ

∂t
+ ∇ · A = 0 (4)

due to the conservation of free charges. Both the scalar potential ϕ and the vector potential A have to be continuous across the interfaces
of media [2,5,11]. It has been shown in [5] that a sufficient set of boundary conditions is the continuities of ϕ , A and H‖ .

In the following, we find the Casimir energy of a massive vector field in the configuration depicted in Fig. 1, where a perfectly
conducting ball of radius a1 is in the center of a perfectly conducting spherical shell occupying the region a2 < r < a3. For simplicity, we
only consider the scenario where the thickness of the spherical shell is infinite, i.e., a3 → ∞.

As discussed in [2,5], the eigenmodes of a massive vector field can be divided into transverse modes with ∇ · A = 0 and longitudinal
modes with ∇ × A = 0. The transverse modes can be further divided into type I modes with Er = 0 and type II modes with Br = 0. They
are generalizations of the TE and TM modes for a massless vector field. To satisfy all the boundary conditions of a massive vector field,
type I transverse modes can be treated alone and they are called TE modes. However, type II transverse modes and the longitudinal modes
have to be considered together and their linear combinations are called TM modes [5].

2.1. TE modes

TE modes are type I transverse modes. The continuity of H‖ imply that the potentials vanish identically in the perfectly conducting
objects. In the vacuum between the objects, the potentials are given by ϕ = 0, Ar = 0 and

Aθ = mr−1(A j̃l(λr) + B ỹl(λr)
) Pm

l (cos θ)

sin θ
eimφe−iωt, Aφ = ir−1(A j̃l(λr) + B ỹl(λr)

)dPm
l (cos θ)

dθ
eimφe−iωt,

where l = 1,2, . . . , −l � m � l,

λ2 = ω2

c2
− m2c2

h̄2
,

Pm
l (z) are associated Legendre polynomials and j̃l(z) and ỹl(z) are the Riccati–Bessel functions defined by

j̃l(z) =
√

π z

2
Jl+ 1

2
(z), ỹl(z) =

√
π z

2
Yl+ 1

2
(z).

Jν(z) and Yν(z) are the Bessel functions of first kind and second kind. The continuity of A‖ gives the boundary conditions:

A j̃l(λa1) + B ỹl(λa1) = 0, A j̃l(λa2) + B ỹl(λa2) = 0.

Therefore, the TE eigenfrequencies are solutions of the equation
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