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We formulate supergravity in three-dimensional Anti-de Sitter (AdS) space–time with an arbitrary
number of supersymmetries with a Lorentz Chern–Simons term. Our field content is (eμ

m,ψμ
A, Aμ

AB ,

ωμ
mn, λmnA), where the gravitino ψμ

A and the gaugino λmn
A are in the vectorial representation of SO(N)

for ∀N , whose gauge field is Aμ
AB . The ωμ

mn is a spin connection regarded as an independent field.
Both ωμ

mn and Aμ
AB have their Chern–Simons (CS) terms. Local ∀N (ℵ0) supersymmetry requires the

coefficients of these CS terms be proportional to the gravitino mass. Differently from most conventional
works, our supersymmetry transformation for ωμ

mn is proportional to the gaugino λmnA . The solution for
the scalar curvature is a negative constant, and our space–time is AdS. Despite the Lorentz CS term, ωμ

mn

can be algebraically solved. The Lorentz and SO(N) CS terms serve as the gravitational and SO(N) gauge
anomalies for the two-dimensional boundary superconformal field theory. We also compute the charges
for ℵ0 supersymmetry, SO(N) and Lorentz symmetries, and also show that Witten–Nester charges are
positive definite.

© 2010 Published by Elsevier B.V.

1. Introduction

Topologically massive gravity theory with a cosmological con-
stant in three-dimensional (3D) space–time [1–4] has been ex-
tensively studied, due to its importance associated with AdS/CFT
correspondence with 2D theory, and with the peculiar black hole
solution [5].

From the viewpoint of AdS/CFT correspondence, the gravita-
tional Chern–Simons (CS) term in 3D plays an important role, cor-
responding to the gravitational anomaly on the 2D boundary of
the bulk 3D Anti-de Sitter (AdS) space–time [6]. In particular, at
the so-called ‘chiral point’ with μ = m, the system becomes purely
chiral, corresponding to the ‘left-moving’ conformal group [7]. The
presence of the gravitational CS term with critical strength [2,3]
may also provide resolutions to the obstructions [8] for solving the
theory exactly.

More recently, Henneaux, Martinez and Troncoso (HMT) have
shown that under their new asymptotic boundary condition for
AdS solutions, one can get non-vanishing Virasoro generators on
the 2D boundary [9], as desired for AdS/CFT correspondence. The
first-order formalism for topologically massive N = 1 supergravity
[1] has been also presented [10], leading to the conclusion that
Witten–Nester energy [11,12] coincides with Abbott–Deser–Tetkin
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energy [13] for asymptotically AdS space–time under appropriate
boundary conditions.

Rather independent of these developments, we have in our pre-
vious paper [14] formulated an N-extended supergravity with the
spin connection as an independent field, with the gravitational and
SO(N) Chern–Simons terms added to the usual Hilbert action term
R(ω). However, the drawback in [14] is that the spin connection
ωμ

mn in the pure supergravity sector is equivalent to the usual
spin connection ω̂μ

mn(e,ψ) in terms of eμ
m and ψμ , as can be

confirmed by the Palatini identity. Due to this fact, the formula-
tion in [14] was not quite natural. The more natural system to be
explored is the one with the spin connection as an independent
field both in the pure supergravity sector and in its own CS term
as well.

Our system given in the present Letter is also related to N =
p + q AdS supergravity with Chern–Simons terms [15]. However,
there are four fundamental differences. First, we have the gaugino
field λmn

A as the superpartner for the spin connection ωμ
mn . Sec-

ond, our ωμ
mn is an independent field from the outset, different

from [15]. Third, while we have the Lorentz CS term, it is absent in
[15]. Fourth, our ωμ

mn is algebraically solved in terms of eμ
m and

ψμ
A , despite the presence of the spin connection CS term with the

first derivative. This is against the common wisdom with CS terms.
Even though there is similarity, our system is also different

from the recent work on the 1-st order formulation of chiral topo-
logically massive N = 1 supergravity [10]. The main difference is
the absence of the higher-derivative gravitino term in our system
compared with the latter. In this sense, our system is not so-called
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topological massive gravity [1–4,10]. Our system is also different
from the recent study on the (curvature)2-terms considered in
massive gravity [16] and massive supergravity [17] in 3D, because
we have no (curvature)2-terms.

Our system is also related to SO(N) conformal supergravity for-
mulation in [18] with arbitrary number (ℵ0) of supersymmetries.
However, the lack of both conformal symmetry and the higher-
derivative term for the gravitino, as well as the AdS space–time
differentiates our system from [18].

In the present Letter, we first establish the Lagrangian and su-
persymmetry transformation rule for ℵ0 AdS supergravity with a
Lorentz CS term. We next derive field equations for all fields. As
has been mentioned, our spin connection ωμ

mn is algebraically
solved in terms of the supercovariant spin connection ω̂μ

mn and
a constant torsion tensor. The effective scalar curvature R(ω̂) is a
negative constant, showing that our space–time is always 3D Anti-
de Sitter (AdS3). We next derive the currents and charges for local
N-extended supersymmetry, SO(N), and Lorentz transformations.
We also compute the Witten–Nester charges [11], which turn out
to be positive definite. Thanks to the simplification in terms of the
independent spin connection ωμ

mn , these computations are dras-
tically simplified.

2. Action invariant under ℵ0 local supersymmetries

As has been mentioned, our field content is (eμ
m,ψμ

A, Aμ
AB ,

ωμ
mn, λmn A) with the indices A, B, . . . = 1,2, . . . , N for the N of

SO(N). We use the Greek indices μ,ν, . . . = 0,1,2 or Latin indices
m,n, . . . = (0), (1), (2) for the curved or local tangent coordinates,
respectively. Our total action I ≡ ∫

d3x L has the Lagrangian

L = +1

4
eR(ω) − 1

2
εμνρ

[
ψμ

A Dν(ω, A)ψρ
A] − 1

8
mεμνρ Tμνρ

+ 1

8
m−1εμνρ

[
Rμν

mn(ω)ωρmn + 2

3
ωμ

mtωνtuωρ
u

m

]

− 1

4
mεμνρ

(
Fμν

AB Aρ
AB + 2

3
Aμ

AB Aν
BC Aρ

C A
)

− 1

2
m−1e

(
λmn

Aλmn A) + 1

4
me

(
ψμ

Aγ μνψν
A)

+ 1

2
m2e. (2.1)

We use the definitions, such as

Rμν
mn(ω) ≡ +2∂[μων]mn + 2ω[μ|mtω|ν]tn, (2.2a)

Rμ
m(ω) ≡ +Rμν

mν(ω), R(ω) ≡ Rm
m(ω), (2.2b)

Dμ(ω, A)ψν
A ≡ +∂μψν

A + 1

4
ωμ

mn(γmnψν
A)

+ mAμ
ABψν

B , (2.2c)

T̂μν
m ≡ +2∂[μeν]m + 2ω[μmteν]t − (

ψμ
Aγ mψν

A)
≡ +2D[μeν]m − (

ψμ
Aγ mψν

A)
≡ +Tμν

m − (
ψμ

Aγ mψν
A)

, (2.2d)

F̂μν
AB ≡ +[

2∂[μ Aν] AB + 2mA[μ AC Aν]C B] − (
ψμ

[Aψν
B])

= +Fμν
AB − (

ψμ
[Aψν

B]), (2.2e)

R̂μν
A ≡ +2D[μ|(ω, A)ψ|ν] A + m

(
γ[μψν] A)

, (2.2f)

R̂μν
mn(ω) ≡ +Rμν

mn(ω) − 2
(
ψ [μ Aγν]λmn A)

. (2.2g)

The supercovariantizations here are the usual ones in supergravity
in 3D [15,19].

Our action is invariant under ℵ0 local supersymmetry

δQ eμ
m = +(

ε Aγ mψμ
A)

, (2.3a)

δQ ψμ
A = +Dμ(ω, A)ε A + 1

2
m

(
γμε A) ≡ D̂με A, (2.3b)

δQ Aμ
AB = +(

ε[Aψμ
B]), (2.3c)

δQ ωμ
mn = +(

ε Aγμλmn A)
, (2.3d)

δQ λmn
A = −1

4

(
γ μνε A)

R̂μν mn(ω)

− 1

4
m

(
γμε A)(

T̂mn
μ + 2e[mμ T̂n]

) − 1

4
m2(γmnε

A)
− (

γ μψμ
B)(

ε[Aλmn
B]) − ψμ

B(
ε[A|γμλmn

|B]). (2.3e)

As the antisymmetrization shows, the last two terms in (2.3e) dis-
appear in the case of N = 1. Our transformation rule (2.3d) is
different from that in [15], because our spin connection is an in-
dependent field.

The closure of two supersymmetry transformations with the
parameters ε A

1 and εB
2 is[

δQ (ε1), δQ (ε2)
] = δξ + δΛ + δα + δQ (ε3), (2.4)

where the parameters ξμ,Λmn,αAB and ε A
3 are respectively for

the general coordinate, local Lorentz, local SO(N), and third local
supersymmetry transformations:

ξμ ≡ (
ε A

2 γ με A
1

)
, Λmn ≡ −ξμωμ

mn,

αAB ≡ −ξμ Aμ
AB + (

ε[A
2 εB]

1

)
, ε A

3 ≡ −ξμψμ
A . (2.5)

Note that in Λmn there is only the ξω-term, while the purely ε2-
term is absent.

It is to be mentioned that the coefficients (1/8)m−1 and
−(1/4)m of Lorentz and SO(N) gauge CS terms, and the gravitino
mass are proportional to each other. This implies that 2D theory
on ∂Σ under the standard Brown–Henneaux boundary conditions
[20], or HMT boundary conditions [9] corresponds to chiral confor-
mal theory [3].

As has been well known [3], we can regard the system above as
‘chiral’ supergravity. This is because we can regard the AdS group
as SO(2,2) ≈ SO(2,1) × SO(2,1), where the first group as the ‘left-
handed’ SO(2,1)L, while the second group as the ‘right-handed’
SO(2,1)R.

3. Supercovariant field equations

The field equations directly obtained from the Lagrangian are1

e−1 δL
δeμ

m
= −1

2

[
R̂m

μ − 1

2
em

μ R̂(ω)

]
− 1

2
m−1em

μ
(
λrs

Aλrs A)
− 1

4
me−1εμρσ T̂ρσm + 1

2
m2em

μ .= 0, (3.1a)

e−1 δL
δωμ

mn
= +1

4
T̂mn

μ + 1

2
e[mμ T̂n] + 1

4
me−1εmn

μ

+ 1

4
m−1e−1εμνρ R̂νρmn(ω)

.= 0, (3.1b)

e−1 δL
δψμ

A
= −1

2

(
γ μνρ R̂νρ

A) .= 0, (3.1c)

1 We use the symbol
.= for a field equation, distinguished from algebraic identi-

ties.
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