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It is shown that (i) the destabilization of global Geodesic Acoustic modes (GAM or E-GAM) by passing 
energetic ions in tokamaks can be accompanied with a considerable energy transfer from these ions 
to the mode; (ii) the mode-induced slowing down of the energetic ions leads to a radial shift 
outwards/inwards of the ions moving in the direction counter to/of the plasma current, in spite of the 
fact that the canonical angular momentum of the particles is conserved during GAMs. Some practical 
consequences of these phenomena are discussed.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The aims of this work are, first, to study a possible energy 
transfer from the passing energetic ions to the global Geodesic 
Acoustic Mode (GAM) or to Energetic-ion-induced GAM mode (E-
GAM), and second, to clarify whether GAMs can lead to the motion 
of these ions across the magnetic field. These questions actually 
have been arisen after the observation of large (10–15%) drops of 
the neutron emission during bursts of an E-GAM instability driven 
by counter-injected energetic ions in the DIII-D tokamak: drops of 
the neutron emission indicated on the expulsion of the injected 
ions from the plasma core and, possibly, on their loss (neutrons 
were produced mainly by the beam-plasma fusion reaction) [1]. 
More recent DIII-D experiments have given a direct evidence of 
the influence of the E-GAM instability on the deterioration of the 
confinement of injected ions [2]. This effect was explained by the 
change of pitch angles of the injected ions and concomitant trans-
formation of counter-passing particles into trapped ones; it was 
claimed that the radial diffusion is not expected because the par-
ticle canonical angular momentum, Pφ , is conserved (the GAM/E-
GAM mode does not break the axial symmetry of the magnetic 
configuration of tokamaks) [1,2]. However, in this work, we will 
show that although Pφ = const, the orbit transformation is not 
the only reason for the radial displacement of the energetic ions. 
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In addition, we will show that the injected energetic ions can be 
considerably cooled during GAMs.

2. Fast ion motion caused by slowing down during GAM 
instabilities

Our idea is simple: the energetic particles exciting the insta-
bility give their energy to the electromagnetic field. This means 
that the instability cools these ions. Because the particle magnetic 
moment, μ, is conserved (due to ω � ωB , with ω the mode fre-
quency and ωB the particle gyrofrequency), only the longitudinal 
energy of the energetic ions, E‖ , changes because of the instability. 
Due to the decrease of E‖ and conservation of Pφ , counter-passing 
ions move outwards and co-passing particles move inwards. This is 
seen from the following [we used Pφ = M R v‖ − (e/c)ψp , where R
is the distance from the major axis of the torus, v‖ is the particle 
velocity along the magnetic field, ψp is the poloidal magnetic flux, 
M is the ion mass, e is the ion electric charge; a right-handed co-
ordinate system (r, θ, φ) is used, where r, θ , and φ are the radial 
coordinate, poloidal angle, and toroidal angle, respectively]:

e�ψp = cM R0�u, (1)

where �ψp = ψ
f

p − ψ i
p , �u = u f − ui , u ≡ v‖(θ = π/2), super-

scripts “i” and “ f ” label initial and final magnitudes, i.e., the mag-
nitudes before and after the slowing down, respectively, R0 is the 
major radius of the torus. Note that saying “slowing down” we 
mean the decrease of the fast ion energy because of the instability, 
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Fig. 1. Orbits of passing 75-keV deuterons moving in the direction counter to the plasma current in a DIII-D like tokamak before and after the slowing down when E f = 0.5E i , 
P f

φ = P i
φ , and μ f = μi : left panel, q(r) = 3.5, λi = 0.2; right panel, q(r) which took place in the E-GAM DIII-D experiment [1], λi = 0.35. The edge of the plasma is shown by 

a grey thick line, x = (r/a) cos θ , y = κ(r/a) sin θ . The arrows on the orbits show the direction of the particle orbital motion. The arrows between the orbits are directed from 
the initial orbits to final ones (i.e., to the orbits after the slowing down caused by the GAM/E-GAM mode). The following tokamak parameters were used: B = 2 T, a = 60 cm, 
R0 = 170 cm, κ = 1.3. It was assumed that the flux surfaces are concentric ellipses. The major axis of the torus is located to the left from the plasma cross section shown, 
the plasma current has the same direction as the magnetic field. Notations: vD is the velocity of the ion toroidal drift, Bp is the poloidal magnetic field.

not because of Coulomb collisions with the plasma particles. In ad-
dition, we note that Coulomb collisions, in contrast to GAM/E-GAM 
modes, do not conserve Pφ and, therefore, the effect of slowing 
down caused by Coulomb collisions is not described by Eq. (1). It 
is clear that �u > 0 for counter-passing ions (v‖ < 0) and, thus, 
�ψp > 0, whereas �u < 0 and �ψp < 0 for co-passing ions losing 
their energy.

We infer from Eq. (1) that the particle radial displacement is 
given by

�r = α
qiρ i

κε i
, (2)

where ρ = v/ωB , α = �u/vi , ε = r/R0, r is the radial coordinate 
defined by Ψp(r) = B0

∫ r
0 dr1r1κ/q(r1), B0 is the magnetic field at 

the magnetic axis, r ≤ a, a is the plasma radius in the equato-
rial plane of the torus, κ = b/a is the plasma elongation, and b
is the plasma radius in the vertical plane. Noting that the largest 
banana width is �b = 2

√
2qρ/(κ

√
ε ), we conclude that �r given 

by Eq. (2) exceeds the displacement caused by the transforma-
tion of passing particles into trapped ones (�b/2) when α >

√
2ε . 

In the limit case of |ui | = vi and |u f | � vi the orbit displace-
ment due to the slowing down exceeds that caused by the orbit 
transformation by the factor of (2ε)−1/2. Eq. (2) indicates that the 
effect of slowing down on �r is largest in the case of small ε
[�r ∝ (1/ri)]. However, r in Eq. (2) cannot be arbitrarily small be-
cause this equation is valid only for particles with narrow orbits, 
�b � r [in contrast to Eq. (1), which is applicable also to particles 
with orbits passing through the near-axis region, i.e., to so-called
“potato” orbits].

When Pφ = const and μ = const, the evolution of the energetic 
ion distribution function, F (E, μ, Pφ), under the influence of the 
waves is governed by the operator Π̂ ≡ ∂/∂E . Proceeding to the 
variables (E , λ, ψp), where λ = μB0/E is the pitch-angle parame-
ter, we can write:

Π̂ = ∂

∂E
− λ

E
∂

∂λ
+ R0c

eu

∂

∂ψp
, (3)

where u = σ v
√

1 − λ, v = √
2E/M , and σ = sign v‖ . It follows 

from (3) that the particle energy, pitch angle, and radial position 
change simultaneously. Those energetic ions which are responsible 
for the instability are cooled, giving their energy to the waves. For 
GAMs, F (E, λ, ψp) flattens in the region around the transit reso-
nance ω = v‖/(qR0) ≡ ωtr , the width of this region being about 
the separatrix width of the wave-particle interaction. The charac-
teristic time of the motion of fast ions trapped into the wave, τ isl , 

exceeds (ωtr)−1. Therefore, we can write the following equation 
for the radial motion of resonant particles:

ṙ = −v D sin θ, (4)

where v D is the toroidal drift velocity, the overline means transit 
time averaging, sin θ 	= 0 due to the GAM term in the equation

θ̇ ≈ ωtr − c Êr

rB
cosωtrt, (5)

Êr is the amplitude of the GAM electric field defined by Ẽr =
Êr cosωtrt , tilde labels perturbed quantities. The GAM term is the 
θ -component of the [Ẽ × B] drift velocity. Because sin θ 	= 0, ṙ 	= 0, 
which explains why �ψp 	= 0 in Eq. (1), in spite of the fact that the 
radial component of the [Ẽ × B] drift is negligible [Ẽ ≈ (Er, 0, 0) in 
GAMs]).

One of the characteristics of Eq. (3) is Pφ = const, which leads 
to Eq. (1). Another characteristic is

λE = const (6)

(which immediately follows from μ = const). It follows from 
Eq. (6) that the particle slowing down is accompanied by the 
increase of λ. This eventually can lead to the transformation of 
passing particles into trapped ones. However, before the trans-
formation, a passing particle can lose a considerable part of its 
energy and be displaced outwards. Furthermore, the transforma-
tion may even not occur at all: a passing particle can be lost to the 
wall or its pitch angle can remain to be small, less than (1 − ε f )

[ε f = r f /R0, r f = ri + �r] when the initial pitch angle parameter 
satisfies the inequality λi < (1 − ε f )E f /E i .

In order to demonstrate the influence of the slowing down on 
the ion location, we calculated numerically several pairs of orbits 
with E i = 75 keV and E f = 0.5E i in a tokamak with parameters 
close to those in DIII-D, see Fig. 1. The equations Pφ(r, E, λ) =
const, λE = const, and κ = const were used. The calculations were 
carried out for the strongly non-monotonic q(r) shown in Ref. [1]
and for q(r) = const. The latter case shows that the particle radial 
displacement is considerable even at a moderately high safety fac-
tor, q ∼ 3.5 (in DIII-D, q was about 5 in the near-axis region, 5–7 
in the periphery, and ∼3.5 at r/a ∼ 0.5 [1]). However, we should 
note the radial displacement (2), being independent on the plasma 
radius, will be small in comparison with the plasma radius in ITER-
size machines.
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