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In this Letter, the chaotification for a class of cellular neural networks with distributed delays is studied.
On the basis of the largest Lyapunov exponent, the sensitivity to the initial conditions is studied for the
distributed delays with kernel being weak and strong. Some theoretical results about the chaotification
for the neural network with distributed time delays are derived. Finally, two numerical simulations are
presented to illustrate the effectiveness of the theoretical results.
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1. Introduction

Chaos, when under appropriately monitoring, can provide a sys-
tem designer with a variety of special properties, richness of flex-
ibility, and a cornucopia of opportunities. This provides a strong
motivation forth a current research on chaotification of dynamical
systems. As a result, many research works have focused on the
generation of complex chaotic systems. Feedback control design
procedure was suggested in [1], which can rearrange all the Lya-
punov exponents of the controlled system according to the user’s
desire, for any given n-dimensional discrete-time smooth nonlin-
ear dynamical system that could be originally nonchaotic or even
asymptotically stable. G. Chen summarized the methods of gener-
ating chaos simply either in discrete systems or continuous sys-
tems [2]. Furthermore, switching piecewise-linear controllers were
proposed to create chaotic attractors [3-5], and a lot of letters de-
voted to the creation of multi-scroll chaotic attractors [6-8]. In
[9], X. Wang and G. Chen proposed a systematic design approach
based on time-delay feedback for chaotification of a system. Most
recently, Guan and Liu [27] investigated the generating chaos for
discrete time-delayed systems via impulsive control.

Time-delay arguments arise in many realistic models of prob-
lems in science, engineering, and medicine, where there is a time
lag or after-effect. Time-delay is always divided into two parts:
one is discrete time-delay, and the other is distributed time-
delay. Time-delay can make abundant complex dynamical behav-
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iors, which couldn’t be generated by ordinary differential functions.
Most authors have focused their attentions on the study of the
stability, period solutions, and other complex dynamical behaviors
of the time-delays systems, and have obtained a lot of achieve-
ments [10-17]. Some letters were devoted to systems with discrete
delays and few was devoted to systems with distributed delays.

In the last decades, neural networks have attracted a lot of
interests, because they can solve many problems that people can-
not solve using custom methods. Many authors have paid much
attention to the research on the theory and application of the
cellular neural networks. The stability of cellular neural networks
with discrete time delays has been discussed in [18-21]. The au-
thors in [22-26] have considered the stability of the cellular neural
networks with distributed delays. Up to now, to the best of our
knowledge, few authors study the chaotic behaviors for the cellu-
lar neural networks with distributed delays. In this Letter, we will
analyze a class of cellular neural networks with distributed delay,
and obtain some theoretical results about the emergence of chaos
for the delayed networks.

This Letter is organized as follows. Model description of the
neural network and some primary knowledge about the kernel are
introduced in Section 2. Section 3 discusses the chaotification for
a class of cellular neural networks with distributed delays in de-
tails. Some theoretical results are derived and two examples are
presented to illustrate the effectiveness of the theoretical results
respectively, when the kernel is the weak one or the strong one.
Finally, concluding remarks are drawn in Section 4.

2. Model description and preliminaries

In this Letter, a class of cellular neural networks model with
distributed delays is considered as following
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5(,-=—aiX+ZWijfj((gj*Xj)(f))-i-pi, i=1,...,n (1)
=1

and the system (1) can be rewritten in vector-matrix notation of
the form

X=—Ax+Wf((g*x)()+P, (2)

where x = (X1,X2,...,X) €R", A =diag(aj,az,...,ay) >0, W =
(Wij)nxn, and P = (p1, p2,...,pn)! € R are constant matrices.
f=(f1, f2,..., fo)T and it is assumed that, for j=1,...,n,

(H1) fj: R — R are continuous and differential nonlinear func-
tions;
(H2) f; are bounded in R.

The convolution g * x is defined
o
(g*xx)(t) = /g(S)X(t —s)ds,
0

and the kernel g: [0, oo) — [0, oo) satisfies the following normal-
ization assumption:

Joog®de=1,
1o sg(s)ds < oo.

The commonly used kernel g(t) is always defined Gamma-
function, i.e.,
Olmtm71 efozt
g)y=——F7—,
(m—1)!
Subsequently, a parameter T > 0 is introduced to measure the time
delay, which is defined as

m=1,2,..., a>0.

o0

ré/tg(t) dt,

0
and it can be calculated that

00
amtm—1e—at
T:/tidt
m-1)!

o0
aMme—at m
= —_——dt = —,
(m-—1)! o
0

m=1,2,....
Especially, when m =1, g(t) is called the weak generic kernel
and

1 ¢
gity=—e"7.
T

When m =2, g(t) is called the strong generic kernel and
t ¢
gty = —e’T,
T
which has a particular time in the past, namely T times units
ago, is more important than any other since this kernel achieves
its unique maximum when t = 7. This kernel can be viewed as a
smoothed out version of the case g(t) =48(t — 1), i.e,,

(g*x)(t):/g(s)x(t—s)ds:/S(s—r)x(t—s)ds:x(t—t),
0 0

which gives rise to the discrete delay model. The weak generic
kernel and the strong generic kernel are shown in Fig. 1.

Besides, it is assumed that all solutions of system (1) satisfy the
following initial conditions:

xi(t) =@it), te(—o00,0],i=1,2,...,n. (3)

It is well known that by the fundamental theory of functional
differential equations, system (1) has a unique solution x(t) =
(x1(6), x2(b), ..., xa(t)) T satisfying the initial condition (3).

Definition 1. System (1) is said to be uniformly bounded, if for any
constant y > 0 there exists a constant 8 = 8(y) > 0 such that for
any to € Ry and ¢ € C(—o0, 0] with ||¢| < y, one has

|xi(t, to, $)| < B, t=to, i=1,2,....n.
3. Chaotification of neural networks with distributed delays

It's clear that if a system is sensitive to the initial conditions,
then the system is chaotic, provided that the corresponding sys-
tem is bounded. The sensitivity is always measured by the largest
Lyapunov exponent at the initial conditions, therefore, the largest
Lyapunov exponent at the initial point must be calculated. If the
parameters of a system are valued, then the Jacobian matrix at
the initial point can be figured out. Hence, when the Jacobian
matrix is a parameter matrix, the Lyapunov exponents are equal
to the eigenvalues of the Jacobian matrix. If the largest Lyapunov
exponent is positive, then the system is sensitive to the initial con-
ditions.

Firstly, we discuss the boundedness of the cellular neuron net-
work (1).

Lemma 1. For the cellular neuron network with distributed delays (1),
suppose that the output of the cell f; (j=1,2,...,n) satisfy the hy-
potheses (H1) and (H2), then all solutions of system (1) remain bounded
fort € [0, 00).

Proof. It is easy to observe that all solutions of system (1) satisfy
differential inequalities of the form

—aix(t) — & < x;(t) < —a;x(t) + &, (4)

where

n
&=y |wilsup|f;()| + Ipil.
seR

j=1

From (4), one can easily prove that solutions of the system
(1) remain bounded for t € [0, o0). This completes the proof of
Lemma 1. O

After having obtained the boundedness of the cellular neural
network (1), subsequently, we study its sensitivity to the initial
conditions. Since the weak kernel and strong kernel are frequently
seen in the literature on delay differential equations, in this sec-
tion, we will seek the chaotification of the cellular neural networks
with distributed delays and two situations are considered: when
the g is the weak kernel and when the g is the strong kernel.

3.1. When g is the weak kernel

When g is the weak kernel, for system (2), let

[ele] t
y=(g*xx)(t)= / g(s)x(t —s)ds = / %e_[r;sx(s) ds,
0 —00
then
. 1
V=< (x(t) — y(®)). (5)

From (2) and (5), we can easily obtain the Jacobin matrix with
respect to x, which is given below
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