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A new integrable 2 + 1 hierarchy that generalizes the 1 + 1 Qiao hierarchy is presented. A reciprocal
transformation is defined such that the independent x-variable is considered as a dependent field.
The hierarchy transforms into n copies of an equation that has a two component non-isospectral Lax
pair. Coming back to the original variables, by inverting the reciprocal transformation we obtain a two
component spectral problem for the 2 + 1 hierarchy. Actually, this spectral problem is non-isospectral.
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1. Introduction

• Recently Qiao and Liu [12] have proposed the following inte-
grable equation:

ut =
(

1

2u2

)
xxx

−
(

1

2u2

)
x
, (1)

which has peaked solutions. More research about the solutions
of this equation can be found in [13]. Furthermore, this equa-
tion has a bihamiltonian structure [12]:

ut = J
δH1

δu
= K

δH2

δu
, (2)

where the operators K and J are:

J = −∂u∂−1u∂, ∂ = ∂

∂x
, (3)

K = ∂3 − ∂ (4)

this allows us to define the recursion operator:

R = J K −1. (5)

This recursion operator was used by Qiao in [11] to construct a
1 + 1 integrable hierarchy. Eq. (1) is the second positive mem-
ber of the Qiao hierarchy. The second negative member of the
hierarchy was investigated by the same author in [10].
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• In [12], the authors compare (1) with the Harry–Dym case [15],
which reads

ut =
(

1√
u

)
xxx

−
(

1√
u

)
x
. (6)

(6) is also known as the first member of the positive flow of
the Camassa–Holm hierarchy [4,7,9]. In contrast the celebrated
Camassa–Holm equation [1] is the first member of the neg-
ative flow. Both flows of the Camassa–Holm hierarchy have
been extensively studied in [9].

• In [4], an integrable generalization to 2 + 1 dimensions of the
Camassa–Holm hierarchy was presented. By using reciprocal
transformations, the spectral problem for such a hierarchy was
obtained. The spectral problem was in fact non-isospectral.

With this in mind, our aim in this Letter is to use the recursion
operator (5) to generate a 2 + 1 hierarchy in a way similar to that
used in [4]. The plan of the Letter is as follows:

• In Section 2 we shall introduce the new hierarchy and we shall
write it explicitly for the n-component. This hierarchy will
be named in the following GQH (generalized Qiao hierarchy).
A reciprocal transformation [6,7,4] can be defined in which the
independent variable x will be the new dependent field. This
reciprocal transformation will be extended by transforming the
dependent fields of the hierarchy into new independent vari-
ables. The nice result is the transformation of n-component of
the GQH hierarchy into n copies of an equation in just three
variables. This equation happens to be precisely the equation
presented in [3] as a generalization of the sine-Gordon equa-
tion.
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• The result of Section 2 allows us to use the results of [3] to
obtain the Lax pair of each of the n equations obtained from
the reciprocal transformation of our original hierarchy. When
we write these Lax pair in terms of the original variables and
fields, we shall obtain the spectral problem associated with the
GQH hierarchy. This spectral problem is in fact non-isospectral.

• We close the Letter with a section of conclusions.

2. A new hierarchy in 2 + 1 dimensions

By analogy with the results of [4], we can use the recursion
operator defined in (5) to construct the 2 + 1 GQH hierarchy.

ut = R−nu y . (7)

The n component of this hierarchy can be written explicitly by in-
troducing n fields v[ j] , defined as:

J v[ j+1] = K v[ j] �⇒ v[ j+1] = J−1 K v[ j], j = 1 . . .n − 1. (8)

Eq. (7) can be written now as:

u y = J v[1], (9)

ut = K v[n]. (10)

It is also useful to introduce the following functions ω[ j]:

ω[ j] = ∂−1u∂v[ j] �⇒ ω
[ j]
x = uv[ j]

x , j = 1 . . .n, (11)

which allows us to write (8)–(10) as:

v[ j]
xx − v[ j] = −u ω[ j+1], j = 1 . . .n − 1, (12)

ut = (
v[n]

xx − v[n])
x, (13)

u y = −(
uω[1])

x. (14)

2.1. Reduction to the Qiao–Liu equation

Note that in the case n = 1, if the fields do not depend on the y
variable the above equations reads:

ω[1]
x = u v[1]

x ,

ut = (
v[1]

xx − v[1])
x,(

u ω[1])
x = 0

which can easily be written as

ω[1] = 1

u
, v[1] = 1

2u2
,

ut =
(

1

2u2

)
xxx

−
(

1

2u2

)
x
, (15)

that is the Qiao–Liu equation.

2.2. Reciprocal transformation

The conservative form of Eqs. (13) and (14) suggests the intro-
duction of the following exact derivative:

u dx − uω[1] dy + (
v[n]

xx − v[n])dt.

We can now introduce a reciprocal transformation [6,7,14] such
that the new independent variables are Z0, Z1, Zn+1, defined as:

dZ0 = u dx − u ω[1] dy + (
v[n]

xx − v[n])dt,

Z1 = y,

Zn+1 = t, (16)

and the variable x is now considered as a new dependent field H
field [5]

x = H(Z0, Z1, Zn+1). (17)

From (16), we have:

dx = 1

u
dZ0 + ω[1] dZ1 − (v[n]

xx − v[n])
u

dZn+1, (18)

which means that:

H0 = 1

u
�⇒ u = 1

H0
, (19)

Hn+1 = − (v[n]
xx − v[n])

u
�⇒ (

v[n]
xx − v[n]) = − Hn+1

H0
, (20)

H1 = ω[1] (21)

where we have used the notation:

Hi = ∂ H

∂ Zi
.

2.3. Extension of the reciprocal transformation

Following the procedure introduced in [4], we can extend the
number of independent variables to a set (Z0, Z1, Z2, . . . , Zn, Zn+1),
where the new independent variables are introduced as an exten-
sion of (21) in the form:

H j = ω[ j], j = 1 . . .n. (22)

Therefore we have a new independent variable Z j for each
of the n former dependent fields ω[ j] . This reciprocal trans-
formation obviously implies that the field H is actually H =
H(Z0, Z1, Z2, . . . , Zn, Zn+1) and therefore it depends on n + 2 in-
dependent variables.

2.4. Transformation of the derivatives

It is easy to see that the above defined reciprocal transforma-
tion yields the following transformation of the partial derivatives:

∂x = u∂0 = 1

H0
∂0,

∂y = ∂1 − uω[1]∂0 = ∂1 − H1

H0
∂0,

∂t = ∂n+1 + (
v[n]

xx − v[n])∂0 = ∂n+1 − Hn+1

H0
∂0. (23)

2.5. Transformation of the equations

Let us go to apply the reciprocal transformation to the GQH
hierarchy (11)–(14):

• Eq. (14) is trivially satisfied, and by applying the transforma-
tion to Eq. (11), we have:

1

H0
H0 j = 1

H2
0

∂0
(

v[ j]) → ∂0
(

v[ j]) = ∂ j

(
H2

0

2

)
, j = 1 . . .n.

(24)

The conservative form of this latter equation, suggests the in-
troduction of a new field R(Z0, Z1, . . . , Zn Zn+1), such that we
have:

R0 = H2
0

2
, (25)

v[ j] = R j, j = 1 . . .n. (26)
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