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Abstract

In this Letter, based on the idea of [Y.T. Gao, B. Tian, Comput. Phys. Commun. 133 (2001) 158], Jacobi elliptic function
expansion method is improved and, with symbolic computation, some new soliton-like solutions are obtained for KdV equation
with variable coefficient. Our method can also be used to solve other nonlinear partial differential equations.
 2005 Elsevier B.V. All rights reserved.
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In recent years, more and more attention has
been paid to the searching for solitonic solutions of
nonlinear equations of mathematical physics[1–7]
that describe some important physical and dynamic
processes. For example, a generalized hyperbolic
function method in[7], which is more powerful than
the typical tanh function method[16], is proposed by
Gao and Tian and applied to discussed the cylindri-
cal KdV equation to answer a couple of problems in
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the plasma-physics in[13,14]by Tian and Gao. In the
present Letter, based on the work of Ref.[7], we im-
prove the Jacobi elliptic function expansion method
proposed recently and consider the generalized KdV
equation with variable coefficient[10]

ut + 2β(t)u + [
α(t) + β(t)x

]
ux

(1)−3Aγ (t)uux + γ (t)uxxx = 0.

The importance of Eq.(1) is well known and there
is a continuing high level of interest in the construction
of its solitary wave solutions. Whenγ (t) = −K0(t),
A = −2, β(t) = h(t), α(t) = −4K1(t), Eq.(1) can be
degenerated to the following variable coefficient and
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nonisospectral KdV equation studied in[8] and[9]:

(2)

ut = K0(t)(uxxx + 6uux) + 4K1(t)ux

− h(t)(2u + xux),

and whenγ (t) = 1, A = −2, α(t) = c0, Eq. (1) can
also be degenerated to the following variable coeffi-
cient KdV equation discussed in[11] and[12]:

(3)
uxxx + 6uux + [(

c0 + β(t)x
)
u
]
x

+ β(t)u + ut = 0.

Considering homogeneous balance betweenuux

anduxxx in Eq. (1), we suppose that the solution of
Eq.(1) is of the form

(4)u = f + g1ϕ(ξ) + g2ϕ
2(ξ),

(5)ξ = px + q,

(6)

(
dϕ

dξ

)2

= aϕ4 + bϕ3 + cϕ2 + d,

where a, b, c and d are constants, andf = f (t),
g1 = g1(t), g2 = g2(t), p = p(t) and q = q(t) are
functions of t to be determined. Substituting(4)–(6)
into (1) and collecting coefficients ofϕkϕ(l), k =
0,1,2,3, l = 0,1, then setting each coefficients to
zero, we have the following set of over-determined
equations forf , g1, g2, p, q, a, b, c andd :

(7)2βf + f ′ = 0,

(8)2βg1 + g′
1 = 0,

(9)2βg2 + g′
2 = 0,

g1
[
cγp3 − 3Aγfp + (α + βx)p

(10)+ (p′x + q ′)
] = 0,

3γg1p
3b + 8γg2p

3c − 3Aγg2
1p − 6Aγfg2p

(11)+ 2(α + βx)g2p + 2g2(p
′x + q ′) = 0,

(12)2γg1p
3a + 5γg2p

3b − 3Aγg1g2p = 0,

(13)4γg2p
3a − Aγg2

2p = 0.

With symbolic computation[7,13–15], we obtain
the following two cases.

Case 1.

f = k1e−2
∫

β dt , g1 = k2e−2
∫

β dt ,

g2 = k3e−2
∫

β dt , p = k4e
∫

β dt , a = Ak3

4k2
4

,

b = Ak2

2k2
4

, c = Ak2
2

4k3k
2
4

,

q =
∫

1

4k3

(
12Aγk1k3k4e−3

∫
β dt − Aγk2

2k4e−3
∫

β dt

− 4αk3k4e−3
∫

β dt
)
dt,

wherek1 andk2 are arbitrary constants,k3 �= 0,k4 �= 0.
If Ak3 > 0, d = 0, then[2]

ϕ(ξ) = cb sech2
(√

c
2 ξ

)
b2 − ac

(
1− tanh

(√
c

2 ξ
))2

(14)=
2k2 sech

( |k2|
4|k4|

√
A
k3

ξ
)

4k3 − k3
(
1− tanh

( |k2|
4|k4|

√
A
k3

ξ
))2

.

From (4), (5), (14) andCase 1, we can obtain the
following soliton-like solutions for Eq.(1)

u = k1e−2
∫

β dt

+ k2e−2
∫

β dt

[ 2k2 sech
( |k2|

4|k4|
√

A
k3

ξ
)

4k3 − k3
(
1− tanh

( |k2|
4|k4|

√
A
k3

ξ
))2

]

+ k3e−2
∫
β dt

[ 2k2 sech
( |k2|

4|k4|
√

A
k3

ξ
)

4k3 −k3
(
1− tanh

( |k2|
4|k4|

√
A
k3

ξ
))2

]2

,

ξ = k4e− ∫
β dtx +

∫
1

4k3

(
12Aγk1k3k4e−3

∫
β dt

− Aγk2
2k4e−3

∫
β dt − 4αk3k4e− ∫

β dt
)
dt,

wherek1 andk2 are arbitrary constants,k3 �= 0,k4 �= 0.

Case 2.

f = k1e−2
∫

β dt , g1 = 0, g2 = k3e−2
∫

β dt ,

p = k4e− ∫
β dt , a = Ak3

4k2
4

, b = 0,

q =
∫ (

3Aγk1k4e−3
∫

β dt − αk4e− ∫
β dt

− 4γ k3
4ce−3

∫
β dt

)
dt,

wherek1, k3 andc are arbitrary constants,k4 �= 0.
If c > 0, Ak3 < 0, d = 0, then[2]

(15)ϕ(ξ) = 2|k4|
√

− c

Ak3
sech

(√
cξ

)
.
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