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a b s t r a c t

The Painlevé analysis is carried out on the physical form of the fourth order Burgers’ equation.

Then, nonlocal symmetries of the equation are constructed. Also, linearizations are derived

based on the symmetries. In particular, the explicit solution of the equations are presented in

terms of Hopf–Cole transformations. Furthermore, nonlinear self-adjointness and conserva-

tion laws of potential equation are investigated with symmetries.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we study the following equation

ut =uxxxx+10uxuxx+4uuxxx+12uu2
x +4u3ux+6u2uxx. (1)

This equation is derived from the following Burgers’ hierar-

chy [1–7]

ut = Km(u) = (D + u + uxD−1)m−1ux, m = 1, 2, . . . (2)
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The hierarchy (2) contains many equations, such as the sem-

inal Burgers’ equation

ut = 2uux + uxx, (3)

the famous STO equation (the third order Burgers’ equation)

ut = 3uuxx + uxxx + 3u2
x + 3u2ux, (4)

and so on.

It is known that Burgers’ equation is a fundamental model

from fluid mechanics. In 1939, Burgers [1], first introduced

this equation, simplified the Navier–Stokes equation by just

dropping the pressure term. It appears in various fields of

science, such as modeling of gas dynamics and traffic flow

and so on. It is also used for describing wave processes in
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acoustics and hydrodynamics. These types of Burgers’ equa-

tion have been studied by many authors in last decades ([1–

18] and papers cited therein).

Symmetries (local and nonlocal) and conservation laws

(CLs) (local and nonlocal) play key roles in the study and

development of nonlinear science, in particular in mathe-

matics and physics. Group method [8–11] provide a systemic

method to deal with differential equations. For partial differ-

ential equations (PDEs), it can reduce the number of variables

PDEs; From ordinary differential equations (ODEs) point of

view, it can reduce the order of ODEs. CLs describe physical

conserved quantities such as mass, energy, momentum and

others. In addition, CLs also help the differential equations in

the development of numerical methods.

In order to provide more background knowledge about

Burgers’ type of equation, it is necessary to study the high

order Burgers’ equation. In this paper, the nonlocal symme-

try and explicit solutions of the forth order Burgers’ equation

are constructed. Furthermore, the nonlinear self-adjointness

and conservation laws of the potential equation are derived

via symmetries. The paper is divided as follows. In Section 2,

the truncated Painlevé analysis of the equation are derived.

In Section 3, nonlocal symmetries, linearization and explicit

solutions are constructed. In Section 4, potential equation

are investigated. Based on the symmetries, nonlinear self-

adjointness and conservation laws for the potential equation

are presented. Finally, the obtained results and some con-

cluding remarks are given in Section 5.

2. Painlevé analysis

We first begin with the following Laurent series for

u(x, t)

u =
α∑

j=0

ujφ
j+α, (5)

with a sufficient number of arbitrary functions and related to

derivatives of φ. In addition, the leading orders of α < 0, that

is to say, α should be negative integers. Putting the following

term ( j = 0)

u = u0φ
−α, (6)

into Eq. (1), balancing of the dominant terms determines,

and analyzing leading order, one can derive α = −1, and

u0 = φx, u0 = 2φx, or u0 = 3φx.

For the case u0 = φx, plugging Eq. (5) into Eq. (1), we get

φ4
x u j( j + 1)( j − 1)( j − 2)( j − 4)

= F(uj−1 · · · u0, φt , φxx, . . .). (7)

It is found that the resonances appear at

j = −1, 1, 2, 4. (8)

This equation possesses the Painlevé property at j = 1, 2, 4.

To look for a Bäcklund transform and get a finite expansion,

assume that

u2 = u3 = u4 = 0, (9)

and we get the the following Bäcklund transform

u = u0

φ
+ u1. (10)

In particular, when u1 = 0, the famous Cole–Hopf transform

u = φx

φ
, (11)

is obtained from Eq. (10). Also, we arrive at

φt = φxxxx. (12)

Moreover, it is noted that u0 = φx is a nonlocal symmetry

with a solution of u1 as well. On the other hand, putting Eq.

(11) into Eq. (1), then we can get

φtx − φxxxxx

φ
+ φtφx − φxφxxxx

φ2
= 0, (13)

that is to say, φt = φxxxx. In other words, on the basis of Hopf–

Cole transformation, the Eq. (1) can transform into a forth

order linear Eq. (11). In Section 2, we will display that Eq. (1)

also transformed into the same fourth order linear equation

Eq. (11) based on the symmetries.

3. Nonlocal symmetries, linearization and

explicit solutions

3.1. Nonlocal symmetries of the potential system

Seeking nonlocal symmetries of PEDs is an important

work. As nonlocal symmetries involved in new variables, and

maybe can get new solutions and nonlocal conservation laws.

The authors obtained infinite many nonlocal symmetries by

inverse recursion operators [18,19], the conformal invariant

form (Schwartz form) [20], Darboux transformation [21,22],

Lax pair [23] and so on. The authors employed the potential

symmetry to derive nonlocal symmetries [8]. In order to get

nonlocal symmetries of Eq. (1), we present potential symme-

try analysis to handle Eq. (1). First, we rewrite Eq. (1) in the

following potential system

vx = u,

vt = uxxx + u4 + 6u2ux + 4uuxx + 3u2
x ,

(14)

and substitute the first equation to the second equation, one

can get the following potential equation

vt = vxxxx + (vx)
4 + 6v2

x vxx + 4vxvxxx + 3v2
xx. (15)

Consider the point symmetry

t∗ = t + ετ(x, t, u, v) + O
(
ε2

)
,

x∗ = x + εξ(x, t, u, v) + O
(
ε2

)
,

u∗ = u + εη(x, t, u, v) + O
(
ε2

)
,

v∗ = v + εψ(x, t, u, v) + O
(
ε2

)
,

(16)

it holds the following equations

X(3)(vx − u) = 0,

X(3)(vt − uxxx − u4 − 6u2ux − 4uuxx − 3u2
x) = 0,

(17)

for any (u, v). Furthermore, infinitesimal generator is given

by

X = τ(x, t, u, v)
∂

∂t
+ ξ(x, t, u, v)

∂

∂x

+η(x, t, u, v)
∂

∂u
+ ψ(x, t, u, v)

∂

∂v
. (18)
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