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Abstract

The characteristic forms on the bundle of connections of a principal bundle M of degree
equal to or less than diM, determine the characteristic classe®odind those of degrde+ dim M
determine certain differentid&d-forms on the space of connectiodson P.

The equivariant characteristic forms provide canonical equivariant extensions of these forms, and
therefore canonical cohomology classes.4fGalf P. More generally, for any closefl € £2" (M)
and f € Z¢, with 2k + r > dim M, a cohomology class ad/Gall P is obtained. These classes are
shown to coincide with some classes previously defined by Atiyah and Singer.
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1. Introduction

Letw : P — M, beaprincipaG-bundle and lep : C(P) — M be its bundle of connec-
tions. LetI,f be the space of Weil polynomials of degiefor G. The principalG-bundle
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C(P) xuy P — C(P) is endowed with a canonical connectién(see below for the de-
tails), which can be used to obtain, for evefy IkG, a characteristic Rform on C(P),
denoted byc ¢ (F) = f(IF, .. K F) (e.g., sed11]), whereF is the curvature of\. More-
over, such a form is closed and ARdinvariant. AsC(P) is an affine bundle, the map
p* : H*(M) — H*(C(P)) is an isomorphism. The cohomology classMrcorresponding
to ¢ ¢(IF) under this isomorphism is the characteristic clasB absociated th Hence, the
characteristic forms o@(P) determine the characteristic classedbiout the characteristic
forms contain more information than the characteristic classes; for example, the character-
istic classes of degre& 2 n vanish, although the corresponding forms do not necessarily,
as dimC(P) > dim M. Precisely, the principal aim of this paper is to provide a geometric
interpretation of such characteristic forms of higher degree.

This is based on the following construction. LEt— N be an arbitrary bundle over
a compact, oriented-manifold without boundary. We define a map: 2"t*(J"E) —
QK (E)) commuting with the exterior differential and with the action of the group
Projt(E) of projectable diffeomorphisms which preserve the orientatioriMorHence,
if « € 2"K(JTE) is closed, exact, or invariant under a subgrgug Proj*(E), then the
form F [«] enjoys the same property.

Applying this construction to the bundIl€(P) — M, for any characteristic form
cy(F) with 2k > n, we obtain a closed and G&invariant (% — n)-form on the space
A = TI'(M, C(P)) of connections orP. More generally, as proved ifi1], the space of
GauP-invariant forms orC(P) is generated by forms of typg (F) A p* g, with 8 € £2*(M).
So, givenf € I,? and a close@@ € £2"(M), such that 2 + r > n, we have a closed and
GauP-invariant (% + r — n)-form on A given by

Cyp = Flcs(F) A p*Bl € 2FF7(A). (1)

As A is an affine space, these forms are exact, and the cohomology classes defined by them
on A, vanish; but in gauge theories—because of gauge symmetry—it is more interesting
to consider the quotient spagk/GauP instead of the spacd itself. Although the forms
(1) are GawP-invariant, they are not projectable with respect to the natural quotient map
A — A/GauP. Hence they do not define directly cohomology classegdpBauP. Con-
sequently, we are led to consider another way in order to obtain cohomology classes on the
guotient from these forms. As is well known, the cohomology of the quotient manifold by
the action of a Lie group, is related to the equivariant cohomology of the manifold, e.g.,
see[19]. Below, we show that the usual construction of equivariant characteristic classes
(e.g., sed6,7,9]) when applied to the canonical connectitinprovides canonical AWR-
equivariant extensions of the characteristic forms. By extending theZtapequivariant
differential forms in an obvious way, this result allows us to obtain B&guivariant ex-
tensions of the formél); seeTheorem 1@elow. These extensions determine cohomology
classes in the quotient spaggGalP P, where GaBlP ¢ GauP is the subgroup of gauge
transformations preserving a fixed point € P. We also prove that such classes coincide
with those defined ifi3].

As is well known (e.g. seR]), an equivariant extension of an invariant symplectic two-
form is equivalent to a moment map for it. Hence, if the faithis of degree two o,
then the GatP-equivariant extension that we obtain, defines a canonical moment map for



Download English Version:

hitps://daneshyari.com/en/article/10734778

Download Persian Version:

https://daneshyari.com/article/10734778

Daneshyari.com


https://daneshyari.com/en/article/10734778
https://daneshyari.com/article/10734778
https://daneshyari.com

