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Abstract:  A scientific and effective emergency evacuation plan plays an important role in improving the event reaction ability of 
the urban traffic system, as well as, saves rescue time and reduces property losses. Evacuation route construction and network 
distribution in each network junction are vital for evacuation planning problems. An optimal objective based on the shortest 
emergency time is established and the optimal solution is acquired using the Pontryagin minimum principle. The evacuation route 
construction algorithm and traffic flow assignment algorithm in each junction are employed to deliver the traffic flow in the 
evacuation area to a safe region rapidly and safely. The idea of feedback is introduced in the execution using real-time information to 
adjust and update the evacuation plan. The simulation result shows that the proposed model and algorithm can be effectively carried 
out in an emergency evacuation.
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1  Introduction 

Whether they are predictable or not, man-made and natural 
disasters could both result in severe life loss and property 
damage. Emergency evacuation, which drives a mass 
movement of people and their properties from 
disaster-impacted areas to safe areas, has been studied and 
practiced as a major means of countermeasure to mitigate 
these calamitous consequences. Houston had first formulated 
a dissipation rate model for estimating evacuation time in 
which a statistical aggregate method was considered. 
Voorhess et al.[1–3] have proposed some other models and put 
them into practice, under different emergency conditions. It 
takes a considerable amount of computation to calculate the 
operating characteristics of individual vehicles. Little progress 
has been achieved from decades as a result of low 
computation power. Over the last decade, the rapid 
development of computer technology has greatly promoted the 
research of emergency evacuation and obtained many research 
results. These can be generally classified into mathematical, 
analytical[4–6], and simulation based[7–8] approaches. For a 
detailed discussion, the authors refer to reviews by Urbina and 
Wolshon[9]. The main contribution of this paper is that it 
proposes an optimal traffic assignment model based on the 
shortest emergency evacuation time, by determining traffic 
assignment adaptively, according to the time varying 

conditions, so that the evacuation strategy can respond to a 
disaster rapidly and effectively. Evacuation route construction 
algorithm and network distribution algorithm are employed to 
deliver the traffic flow rapidly and safely from the evacuation 
areas to safe regions. 

This paper is organized as follows: the next section 
describes the emergency evacuation model, and the necessary 
conditions for optimal solution are derived using Pontryagin 
minimum principle. The evacuation route construction 
algorithm and traffic flow assignment algorithm in each 
junction are introduced in Section 3. Simulations are given in 
the next section, followed by concluding remarks and future 
study given in the last section of this paper. 

2  Model formulation 

The traffic network is represented by a directed graph G(A, 
N), where A is the set of directed arcs and N is the set of nodes. 
Index a denotes an arc, index k represents an origin node or an 
intersection node, and index n is a destination node. A(k) is a 
set of arcs whose tail node is k, and B(k) is the set of arcs 
whose head node is k. The representation ( )n

kg t  is the rate of 
vehicles departing from node k to node n at time t, with t as a 
known nonnegative and continuous function of time. The 
representation ( )n

au t  is the control variable denoting the 
entering rate of vehicles into arc a at time t and destined to 
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node n. ( )n
av t  denotes the departing rate of vehicles from arc 

a at time t. xa(t) is the state variable denoting the number of 
queuing vehicles in arc a at time t, whereas, ( )n

ax t  is the 
destination-specific state variable.  
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A scientific and effective emergency evacuation traffic 
management plays an important role in improving and saving 
rescue time and reducing property loss in emergency 
conditions. This primarily depends on the efficient utilization 
of roadway capacities and intelligent transportation system 
(ITS) technologies, effective coordination of traffic 
management equipment and available emergency aid 
resources. This paper proposes an optimal traffic assignment 
model based on the shortest emergency evacuation time that 
responds to disasters rapidly and effectively and delivers the 
traffic rapidly and safely from disaster-impacted areas to safe 
areas, by determining traffic assignment adaptable to 
continuously changing road conditions. The constraint 
conditions are as follows: 

(1) State of the queuing segment  
The dynamic evolution of the state of the queuing segment 

of each arc for each destination is described by the first order 
nonlinear equation:  
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and this is equivalent to  
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Note that Eq. (3) describes the relationship between the 
state variable ( )n

ax t  and the control variables ( )n
au t  and 

( )n
av t .  
(2) Flow conservation constraint  
Conservation of vehicles at each node for each destination 

is ensured by the mixed state-control equality constraint: 
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(3) Flow constraint  
The following equation describes the relationship between 
( )n

ax t  and the arc exit-flow function ( )n
av t : 
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where ca(t) is the travel time function. For convenience, Eq. (6) 
can be simplified to 

( )( ( ) ) ( )n n
a a av t t c t t x t  

then it can be described as: 
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(4) Nonnegative constraint  
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The dynamic system-optimal traffic assignment problem for 

emergency evacuation is then formulated as: 
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The conditions for optimal solution to the problem J will be 
derived. Pontryagin minimum principle is usually applied, 
which has been developed by Budelis and Bryson for the case 
where the state differential equations contain a time delay in 
the control variables. To this end, the augmented Hamiltonian 
function of problem J is then constructed as: 
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where ( )n
a t  and ( )n

k t are Lagrange multipliers. The 
necessary condition can be derived as follows: 
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The control variable ( )n
au t  is determined by the value of 

( ) ( )n n
a kt t . When ( ) ( )n n

a kt t , the maximum principle of 
the model cannot determine the exact value of control variable 

( )n
au t , which falls into the singular case. When this situation 

happens, the singular solution can be obtained from the 
Legendre-Clebsch condition as also an attached condition 
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