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Let A and B be finite-dimensional simple algebras with 
arbitrary signature over an algebraically closed field. Suppose 
A and B are graded by a semigroup S so that the graded 
identical relations of A are the same as those of B. Then A is 
isomorphic to B as an S-graded algebra.
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1. Introduction

In this manuscript, we treat the well-known question whether having the same set of 
polynomial identities guarantees the isomorphism of algebras. Some obvious restrictions 
are necessary. In the non-simple case, we have that an algebra A satisfies the same 
polynomial identities as the sum A ⊕A of two copies of itself. If the field of coefficients 
is not algebraically closed, then there exist easy examples of non-isomorphic algebras 
satisfying the same set of ordinary polynomial identities; for example, the algebra of real 
quaternions H and the matrix algebra M2(R) have the same polynomial identities but 
H � M2(R).

So we need to restrict ourselves to the case of “simple” algebras over algebraically 
closed fields. Here being simple depends on the full set of structures on the algebras, for 
example graded-simple, involution-simple, differentially-simple and so on.

In the context of Lie algebras this question was settled by Kushkulei and Razmyslov 
[21], and in the context of Jordan algebras by Drensky and Racine [12], and Shestakov 
and Zaicev obtained the result for arbitrary simple algebras [25]. The case of associative 
algebras is trivial thanks to Amitsur–Levitzki’s Theorem.

The case of simple associative algebras graded by abelian group has been resolved by 
Koshlukov and Zaicev [20]. Having analyzed the structure of G-graded simple associative 
algebras, G not necessarily abelian, Aljadeff and Haile managed to expand the result 
of Koshlukov and Zaicev to arbitrary groups [2]. Recently, Bianchi and Diniz studied 
the problem for arbitrary graded-simple algebras, where the grading is by an abelian 
group [7].

Imposing various restrictions, this isomorphism question can be investigated in the 
case of other non-simple algebras. In [11] the authors study the question for certain 
types of gradings on the associative algebras of upper-block triangular matrices. Also, the 
classification of group gradings on upper triangular matrices [26] together with the proof 
of the classification of elementary gradings on the same algebra [9] leads to a positive 
answer in the context of graded associative algebras of upper triangular matrices.

1.1. Ω-algebras

In this paper we deal with so called Ω-algebras, where Ω is a set, called signature. One 
has Ω =

⋃∞
m=0 Ωm. An algebra A is called an Ω-algebra, if A is a vector space such that 

every ω ∈ Ωm defines an m-ary operation on A, that is, a linear map ω : A⊗ · · · ⊗A︸ ︷︷ ︸
m times

→ A. 

In a natural way, one can define the standard notions of subalgebras, homomorphisms 
of algebras, ideals, and so on.

Given a non-empty set X, one can define the free Ω-algebra F = FΩ(X) as follows. 
First we build the set W = WΩ(X) of Ω-monomials in X as the union of subsets Wn, 
n = 0, 1, 2, . . . given by W0 = Ω0 ∪X and for n > 0,
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