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a b s t r a c t

In this paper, the problem of partial attitude synchronization between spacecraft with fewer than three
control torques is formulated and solved for the first time. Considering a network of N underactuated
spacecraft, we propose two control strategies to align the uncontrolled axes of the spacecraft such that
they all point along the same inertial direction. The first control law achieves this objective using inertial
angular velocity feedback and, as a result, the final, common, pointing direction of the uncontrolled axes of
all spacecraft remains fixed in inertial space. The final direction may also be prescribed with the presence
of a leader. The second control law achieves the same objective by relying upon only relative angular
velocity feedback. In this case the final pointing direction of the uncontrolled axes is no longer fixed in
the inertial space. The control laws utilize a unique attitude parameterization capable of decoupling the
motion between the uncontrolled axis of each spacecraft and the spacecraft’s angular orientation about
this axis. Subject to the proposed control laws, it is shown that the spacecraft network’s partial consensus
state is almost globally asymptotically stable.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Spacecraft attitude synchronization has been previously ex-
plored in numerous works. The majority of the literature to date
has assumed complete control authority for all spacecraft, and has
focused on complete attitude convergence of a spacecraft cluster.
Several results using a variety of different approaches have been
proposed over the years to solve this problem (Abdessameud,
Ayebi, & Polushin, 2012; Abdessameud & Tayebi, 2009; Bai, Ar-
cak, & Wen, 2008; d. Queiroz, Kapila, & Yan, 2000; Dimarogonas,
Tsiotras, & Kyriakopoulos, 2006, 2009; Erdong, Xiaolei, & Zhaowei,
2008; Lawton & Beard, 2002; Nair & Leonard, 2004, 2007; Ren,
2010; Sarlette, Sepulchre, & Leonard, 2009; VanDyke & Hall, 2006;
Wang, Hadaegh, & Lau, 1999). For instance, in de Queiroz et al.
(2000) and Wang et al. (1999) the utilization of a leader–follower
approach was used to solve problems related to formation flying.
Formation control laws for maintaining attitude alignment was
also presented in Lawton and Beard (2002) by requiring that space-
craft communication be restricted to a simple ring structure. The
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problem of spacecraft attitude stabilization in a network where
each spacecraft may spin about its unstable axis was solved in Nair
and Leonard (2004). Attitude tracking control laws which glob-
ally asymptotically stabilize the attitude of the spacecraft within
a formation was developed and analyzed in VanDyke and Hall
(2006). The stabilization of rigid bodies so that their orientations
and angular velocity vectors align was shown using a graph theo-
retic approach in Dimarogonas et al. (2006). The synchronization
of both the translation and rotation of rigid body networks was
addressed in Nair and Leonard (2007). Extensions using energy
shaping methods were provided in Sarlette et al. (2009). Multiple
robust controllers which achieved attitude coordinated control of
a spacecraft formation was proven in Erdong et al. (2008). Some
works have also expanded on the cooperative attitude control
to handle scenarios where only a subset of the spacecraft have
knowledge of an attitude Ref. Dimarogonas et al. (2009) and Ren
(2010). Other results propose control laws that omit the need for
an inertial Ref. Bai et al. (2008), control laws that omit the need
for angular velocity measurements (Abdessameud & Tayebi, 2009;
Ren, 2010), and control laws that incorporate communication de-
lays (Abdessameud et al., 2012; Erdong et al., 2008).

In addition to these papers, attitude control of a single space-
craft has also been explored for the scenario in which complete at-
titude control is unavailable. Publications such as Coron and Keraï
(1996), Krishnan, McClamroch, and Reyhanoglu (1995), Tsiotras,
Corless, and Longuski (1995), Tsiotras and Doumtchenko (2000),
Tsiotras and Longuski (1994), Tsiotras and Luo (2000) and Wang,
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Fig. 1. Visualization of the stereographic projection of b̂
j
3 in the b̂

i
frame.

Jia, Jin, and Xu (2013) have focused on the underactuated space-
craft control problem, where torques about only two axes are
available, addressing not only the theoretical limitations of this
problem, but also the practical utility for spacecraft that have
experienced irreversible failures. Only the results in Meng, Di-
marogonas, and Johansson (2017) have addressed partial synchro-
nization of underactuated spacecraft, as far as the authors know.
They demonstrate that the partial alignment of the underactuated
axes of multiple spacecraft is possible, although it requires direct
manipulation of the angular velocities and therefore providesmore
of a kinematical control approach of the attitude as opposed to a
dynamical one.

The main objective of this paper is to present a new class of
control laws for the partial attitude synchronization between all
spacecraft in an N-spacecraft network where for each spacecraft
the control law influences only two of the three principle body
axes, with the purpose of aligning the third uncontrolled axes of all
spacecraft. The relative or absolute orientations of the spacecraft
about these uncontrolled axes is assumed to be inconsequential to
the control objective. Controlling a single axis (as opposed to all
three axes) may be of interest in many applications. For example,
this can be the situation where the synchronized pointing of the
sensor boresight (e.g., telescope) or high-gain antenna for a multi-
spacecraft system is desired, without the need for complete full
attitude control of the spacecraft. As shown in this paper, such
pointing requirements can be achieved using only two control
torques per spacecraft. Note that even if full actuation is available
for most spacecraft, the proposed control laws can be utilized in
cases of actuator failures.

We propose two different control laws. The first control law
ensures that all spacecraft will eventually point their uncontrolled
axes along the same fixed inertial direction given nearly any set
of initial orientations. The first control law also allows the final
fixed pointing direction to be specified if one spacecraft is given
knowledge of the desired consensus direction. As a result of the
second control law, the final, common, pointing direction of the
uncontrolled axes is not necessarily restricted to a fixed inertial
direction and instead may move in inertial space.

2. Problem formulation and background theory

2.1. Attitude parameterization

The relative orientation between two spacecraft in this paper
is described using the non-standard w-z attitude parameters in-
troduced by Tsiotras and Longuski in Tsiotras and Longuski (1995,
1996). The z parameter represents an angle of rotation taken in

the positive direction about the third axis of the initial body frame
(assumed here to be underactuated), while the w parameter offers
a unique way to describe a vector’s orientation with respect to
a certain reference frame via a stereographic projection onto a
complex plane in the frame resulting from the initial rotation
defined by z. The precise definition of the z and the w parameters
is given below. For further details regarding this kinematic param-
eterization of the attitude and its connection with other common
attitude parameterizations, please refer to Tsiotras and Longuski
(1995, 1996). The use of w-z attitude parameterization is essential
to solve the problems in this paper, as it allows us to separate the
motion of interest (pointing of the axis) from the spacecraftmotion
that is irrelevant to us (rotation about this axis). Nonetheless, given
the known formulas relating the w-z parameters with more stan-
dard attitude parameters such as quaternions or Eulerian angles
(Tsiotras & Longuski, 1995), the control laws proposed in this paper
can be expressed in terms of these classical attitude parameters as
well, if needed.

The w-z attitude parameterization was originally defined in a
way that describes the attitude discrepancy between two reference
frames (Tsiotras & Longuski, 1995, 1996). To this end, let two body-
fixed reference frames consisting of the unit vectors {b̂

i
1, b̂

i
2, b̂

i
3}

and {b̂
j
1, b̂

j
2, b̂

j
3}, where b̂

i
represents the frame of body i and b̂

j

represents the frame of body j. The rotationmatrix that transforms
vectors from frame b̂

j
to frame b̂

i
will be denoted by Ri

j and can
be decomposed into two successive rotations according to the two
parameters wij and z ij as follows (Tsiotras & Longuski, 1995, 1996)

Ri
j(w

ij, z ij) = Ri
j′ (w

ij)Rj′
j (z

ij), (1)

where j′ represents the intermediate frame b̂
j′
after the first rota-

tion by z ij. The matrix Rj′
j (z

ij) is the initial rotation about the b̂
j
3 axis

in the positive direction by an angle z ij, resulting in the interme-
diate frame b̂

j′
. From this intermediate frame, we desire that the

third axis of the frame b̂
j
(also the third axis of the intermediate

frame) be described with respect to the final body frame b̂
i
. This is

accomplished by describing the b̂
j
3 vector in the b̂

i
frame as b̂

j
3 =

a⃗ijb̂
i
1 + bijb̂

i
2 + c ijb̂

i
3. This vector is then stereographically projected

onto the b̂
i
1–b̂

i
2 plane to obtain a new vector with components w

ij
1

and w
ij
2 , defined below

w
ij
1 =

bij

1 + c ij
, w

ij
2 =

−aij

1 + c ij
. (2)

The parameters w
ij
1 and w

ij
2 can be used to describe how far to

rotate or ‘‘tilt’’ the b̂
i
3 axis away from the b̂

j
3 axis about the vector

ĥ
ij

= b̂
j
3 × b̂

i
3 as depicted in Fig. 1. The rotation matrix Ri

j′ (w
ij) in

(1), wherewij
= [w

ij
1, w

ij
2]

T
∈ R2, then describes the rotation about

the unit vector ĥ, and its expression can be found in Tsiotras and
Longuski (1995).

As shown in Fig. 1, the w parameters offer a measure of the b̂
j
3

axis discrepancy from the b̂
i
3 axis in the form of a stereographic

projection. Specifically, when the b̂
j
3 and b̂

i
3 axes are aligned, we

have that w
ij
1 = w

ij
2 = 0. The angle θ ij between the unit vectors b̂

j
3

and b̂
i
3 can be easily computed from the w parameters as follows

θ ij
= arccos

(
1 − (wij

1)
2
− (wij

2)
2

1 + (wij
1)2 + (wij

2)2

)
. (3)

Clearly, θ ij
= 0 if and only if wij

1 = w
ij
2 = 0.

Next, consider the kinematics of the w parameters. To this end,
let the angular velocity of the b̂

i
framewith respect to the b̂

j
frame,
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