
Accepted Manuscript

Stress gradient, strain gradient and inertia gradient beam theories for the simulation
of flexural wave dispersion in carbon nanotubes

Dario De Domenico, Harm Askes

PII: S1359-8368(18)31363-5

DOI: 10.1016/j.compositesb.2018.08.083

Reference: JCOMB 5913

To appear in: Composites Part B

Received Date: 2 May 2018

Revised Date: 15 July 2018

Accepted Date: 21 August 2018

Please cite this article as: De Domenico D, Askes H, Stress gradient, strain gradient and inertia gradient
beam theories for the simulation of flexural wave dispersion in carbon nanotubes, Composites Part B
(2018), doi: 10.1016/j.compositesb.2018.08.083.

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please
note that during the production process errors may be discovered which could affect the content, and all
legal disclaimers that apply to the journal pertain.

https://doi.org/10.1016/j.compositesb.2018.08.083


M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

Preprint submitted to Composites Part B: Engineering                           1 

Stress gradient, strain gradient and inertia gradient beam theories for 

the simulation of flexural wave dispersion in carbon nanotubes 

Dario De Domenico 1*, Harm Askes 2 

1 Department of Engineering, University of Messina, Contrada Di Dio, 98166 Sant’Agata, Messina, Italy  
2 Department of Civil and Structural Engineering, University of Sheffield, Mappin Street, Sheffield S1 3JD, UK  
 
* Corresponding author: Dario De Domenico, University of Messina. Email: dario.dedomenico@unime.it 
 
 

ABSTRACT  

Flexural wave propagation in carbon nanotubes (CNTs) can be described through higher-

order elasticity theories so as to capture the dispersive behavior induced by the inherent 

nanoscale heterogeneity. Motivated by experimental dispersion characteristics of metal nano-

structured crystals, a new three-length-scale gradient formulation has been recently 

developed by the authors. In addition to the Laplacian of the strain, this model incorporates 

two higher-order inertia gradients for an improved dispersion behavior. A discrete medium 

with lumped masses at multiple scales of observation and combination of lumped mass and 

distributed mass at the macro-scale is introduced here to provide a micro-mechanical 

background to the proposed three-length-scale gradient model. The next aim of this paper is 

to assess the ability of this model to simulate flexural wave dispersion occurring in CNTs. 

We employ gradient-enriched Euler-Bernoulli and Timoshenko beam theories incorporating 

either stress gradients, or a combination of both strain gradients and inertia gradients – the 

latter leading to novel gradient-enriched beam theories. It is demonstrated that the proposed 

three-length-scale gradient elasticity formulation is able to capture the wave dispersion 

characteristics arising from Molecular Dynamics simulations with high accuracy for a wide 

range of wave numbers. Advantages over alternative formulations of higher-order beam 

theories with stress gradients or combined strain-inertia gradient enrichments are discussed 

for comparative purposes. 
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