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a b s t r a c t

This work studies the Cauchy problem of a two-component higher order Camassa–
Holm system, which is well-posed in Sobolev spaces Hs(R) × Hs−2(R), s > 7

2 and
its solution map is continuous. We show that the solution map is Hölder continuous
in Hs(R) × Hs−2(R) equipped with the Hr(R) × Hr−2(R)-topology for 1 ≤ r < s,
and the Hölder exponent is expressed in terms of s and r.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the Cauchy problem of the following two-component higher order Camassa–
Holm system⎧⎪⎨⎪⎩

mt = αux − buxm − umx − κρρx, m = Au,

ρt = −uρx − (b − 1)uxρ, b ∈ R \ {1},

αt = 0,

(1.1)

where Au = (1 − ∂2
x)σu with σ > 1, and b, κ are real parameters. Eq. (1.1) was proposed by Escher and

Lyons [1], in which they showed that the system corresponds to a metric induced geodesic flow on the infinite
dimensional Lie group Diff∞(S1) S⃝C∞(S1)×R and admits a global solution in C∞([0, ∞); C∞(S1)⊕C∞(S1))
with smooth initial data in C∞(S1)⊕C∞(S1) when b = 2, where Diff∞(S1) denotes the group of orientation
preserving diffeomorphisms of the circle and S⃝ denotes an appropriate semi-direct product between the pair.
Recently, He and Yin [2], Chen and Zhou [3] established the local well-posedness of (1.1) in Besov spaces.
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Zhou [4], Zhang and Li [5] investigated the local well-posedness, blow-up criteria and Gevrey regularity
of the solutions to (1.1) with σ = 2. When ρ ≡ 0, α = 0 and b = 2, (1.1) reduces to a Camassa–Holm
equation with fractional order inertia operator, whose geometrical interpretation and local well-posedness
can be seen in [2,6,7], and if we further assume 2 ≤ σ ∈ Z+, (1.1) becomes a higher order Camassa–Holm
equation derived as the Euler–Poincaré differential equation on the Bott–Virasoro group with respect to the
Hσ metric [8].

For σ = 1, (1.1) reduces to the following nonlinear system [9]{
mt = αux − buxm − umx − κρρx, m = u − uxx,

ρt = −uρx − (b − 1)uxρ, b ∈ R \ {1},
(1.2)

which models the two-component shallow water waves with constant vorticity α. In [9], Escher et al. showed
the local well-posedness of (1.2) under a geometrical framework, and studied the blow-up scenarios and
global strong solutions of (1.2) on the circle. In [10], Guan et al. considered the Cauchy problem of (1.2) in
the Besov space and showed that the solutions have exponential decay if the initial data has exponential
decay. When α = 0, b = 2 and κ = ±1, (1.2) becomes the two-component Camassa–Holm system, which
admits Lax pair and bi-Hamiltonian structure, and thus is completely integrable [11]. When ρ ≡ 0 and
α = 0, (1.2) reduces to a family of equations parameterized by b ̸= 1, the so-called b-family equation.
In particular, when b = 2 and b = 3, the b-family equation respectively becomes the famous completely
integrable Camassa–Holm equation [12] and Degasperis–Procesi equation [13], which were introduced to
model the unidirectional propagation of shallow water waves over a flat bottom. The Cauchy problem for
these equations have been well-studied both on the real line and on the circle, including the well-posedness,
blow-up behavior, global existence, traveling wave solutions and so on, e.g. [14–32] and the references therein.

From the results in [5], we merely know that the solution to system (1.1) with σ = 2 depends continuously
on the initial data in Sobolev spaces and more general Besov spaces, but no more information about the
continuity of the data-to-solution map was provided. In this work it is shown that the data-to-solution
map for system (1.1) with σ = 2 is Hölder continuous in Hs(R) × Hs−2(R), s > 7

2 , equipped with the
Hr(R) × Hr−2(R)-topology for 1 ≤ r < s, and the Hölder exponent is expressed in terms of s and r. We
mention that Hölder continuity for the b-equation was proved on the line by Chen, Liu and Zhang in [33],
and for other equations were showed in [34–37]. To obtain the desired result, we need to extend the estimate
of ∥fg∥Hr−1(R) for 0 ≤ r ≤ 1 in [34], commonly used in the previous works, to that of ∥fg∥Hr−k(R) for
0 ≤ r ≤ k and k > 1, which plays a key role in proving the main result.

The rest of the paper is organized as follows. In Section 2, the local well-posedness for (1.1) with σ = 2
and initial data in Hs(R)×Hs−2(R), s > 7

2 , is established, an explicit lower bound for the maximal existence
time T and an estimate of the solution size are provided. The Hölder continuity of the data-to-solution map
is showed in Section 3.

Throughout the paper, we denote by ∥·∥X the norm of Banach space X, (·, ·) the inner product of Hilbert
space L2(R), and “ ≲ ” the inequality up to a positive constant.

2. Local well-posedness and estimate of the solution size

In this section, we will give the local well-posedness for Eq. (1.1) with σ = 2, and provide an explicit
lower bound for the maximal existence time and an estimate of the solution size.

Setting Λ−4 := (1 − ∂2
x)−2, the initial-value problem associated to Eq. (1.1) with σ = 2 can be rewritten

in the following form:⎧⎪⎪⎪⎨⎪⎪⎪⎩
ut + uux + ∂xΛ

−4 (
b
2 u2 + (3 − b)u2

x − b+5
2 u2

xx + (b − 5)uxuxxx + κ
2 ρ2 − αu

)
= 0,

t > 0, x ∈ R,

ρt + uρx + (b − 1)uxρ = 0, t > 0, x ∈ R,

u(0, x) = u0(x), ρ(0, x) = ρ0(x) x ∈ R,

(2.1)



Download English Version:

https://daneshyari.com/en/article/11004299

Download Persian Version:

https://daneshyari.com/article/11004299

Daneshyari.com

https://daneshyari.com/en/article/11004299
https://daneshyari.com/article/11004299
https://daneshyari.com

