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1. Introduction

In this paper, we consider the following Cauchy problem for the complex Ginzburg—Landau equation.

%(t,x)f()\+ia)Auf(n+iﬂ)|u|q_2u77u:f(t,a:),

in (t,z) € [0,T] x {2, (CGL)
u(t,z) =0 on (t,x) € [0,T] x 042,
u(0, ) = up(x) inz e 2,

where 2 is a bounded domain in RY with smooth boundary 9f2; A, x are positive parameters, a, 3,y are
real parameters and i = \/—1 denotes the imaginary unit; ¢ > 2 is a given number; f : [0,7] — C is a given
external force defined on an interval [0, 7] with 7" > 0. Our unknown function w : [0,7] — C, which takes
values in the complex numbers, represents an order parameter.
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This equation is originally introduced by Ginzburg & Landau [1] in order to give a mathematical model
of superconductivities. In their theory, the Ginzburg-Landau theory for superconductivities, the physical
quantity u is only a parameter which describes the randomness of a certain physical state. In the sequel,
the theory has been applied to more general phenomena related to phase change (Nishiura [2]) or pattern
formulation (Cross & Hohenberg [3]).

There have been many contributions to the case where £ < 0: Temam [4] showed the existence of a unique
weak solution using Galerkin method for the case where N = 1,2 and ¢ = 4; Yang [5] got mild solutions
in terms of the semi-group {e()"”")m;t > O} for the case where N = 1,2,3 and ¢ < 2 + %; Okazawa
& Yokota [6] developed the maximal monotone operator theory in Hilbert spaces over the complex field

a B

and proved that strong solutions exist in bounded {2 for the case where (Xv E) belongs to the so-called

“CGL-region” and ug € Hy N LY as well as the case where |8]/x < 2v/q —1/(q—2) and ug € L?; in the
sequel, Kuroda, Otani & Shimizu [7] improved this result by showing the existence of global solutions in
general domains with (%, %) being in the “CGL-region” and ug € L2. In [7], the abstract theory of parabolic
equations is used, where —AAu is regarded as its leading term, —iaAu as a monotone perturbation and
—if |u\q_2u as a non-monotone perturbation. We remark that when £ < 0 the real part of our nonlinear term
—ﬁ|u\q_2u becomes maximal monotone in L? and —\Au — m|u|q_2u can be represented as a subdifferential
operator.

On the other hand, there are few treatment for the case where x > 0 especially on the well-posedness:
Cazenave et al. studied blow-up of solutions [8,9] and the existence of standing wave solutions [10]. In their
papers [8,9] they made restriction on parameters A, s, , 3 to be § = % They proved the existence of a
unique local solution based on the semi-group theory for sufficiently smooth initial data in the whole space
RY for any ¢ > 2. The local well-posedness of (CGL) for general coefficients was treated in Shimotsuma,
Yokota & Yoshii [11]. They showed the local existence of a unique solution in various kind of domains using
the semi-group theory in LP over the complex numbers under the assumption 2 < ¢ < 2 + %”. They also
deduced the global extension of solutions by assuming ‘%l < 2‘}{@
The main purpose of this paper is to discuss the local well-posedness of (CGL) in a bounded domain {2

when ug belongs to H}(£2) and ¢ is the Sobolev subcritical, i.e.,

{+m N=1,2,

and a suitable condition on ~.

2<q¢g< 2" =

=4 2 N >3,
To expect the local well-posedness of (CGL) under this situation is quite natural on the analogy of the
theory of nonlinear parabolic equations. In order to show that this conjecture holds true, we follow the basic
strategy in [7], i.e., we regard (CGL) as a parabolic equation with the principal part —AAu perturbed by
the monotone perturbation —icAu and the non-monotone perturbations —(x + i6)|u|q_2u. To cope with
these perturbations, as for the monotone perturbation, we can use the standard argument from the maximal
monotone operator theory. As for the non-monotone perturbations, we rely on the Schauder—Tychonoff fixed
point theory as in [12].

The outline of this paper is as follows. In Section 2, we fix function spaces over the real numbers which are
direct products of usual Lebesgue or Sobolev spaces over the real numbers. Introducing suitable functionals
and their subdifferentials on this space, we rewrite (CGL) in terms of an evolution equation in a real Hilbert
space governed by subdifferential operators with perturbations. We conclude this section by stating our main
results on the local well-posedness (Theorem 1), an alternative on the maximal existence time of solutions
(Theorem 2) and the existence of small global solutions (Theorem 3).

In Section 3, we discuss the solvability of some auxiliary equations (Proposition 4), which is needed for the
application of the Schauder—Tychonoff fixed point theorem. In Section 4, we establish some a priori estimates
for the solutions of auxiliary equations, by which we prove the existence part of Theorem 1. Theorem 2 will
be proved in Section 5 and the uniqueness part of Theorem 1 is shown in Section 6. The last section is
devoted to the proof of Theorem 3.
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