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Mixed Oblique Extension Principles (MOEP) provide an important method to 
construct affine dual frames from refinable functions. This paper addresses MOEP 
under the setting of reducing subspaces of L2(Rd). We obtain an MOEP for 
(non)homogeneous affine dual frames and (non)homogeneous affine Parseval frames.
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1. Introduction

Extension principles provide a method for constructing affine (dual) frames from refinable functions. 
Among them are the Unitary Extension Principle (UEP), the Oblique Extension Principle (OEP) and the 
Mixed Oblique Extension Principle (MOEP). Early works on them dated back to [1–12] and references 
therein. Subsequently the study of Extension Principles has interested many researchers [13–25]. Observe 
that all above works mainly focus on homogeneous affine (dual) frames. In applications, fast wavelet trans-
forms are our main concern, and nonhomogeneous affine (dual) frames derived from refinable functions have 
fast wavelet algorithms. Han in [19,26–28], Romero, Alexander, Baid, Jain and Papadakis in [29] studied 
nonhomogeneous affine (dual) frames. In particular, Han in [19] provided a comprehensive study on con-
necting homogeneous wavelets and framelets to nonhomogeneous ones with the refinable structure. This 
paper addresses MOEP for (non)homogeneous affine dual frames. For generality, we work under the setting 
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of reducing subspaces. For the details of reducing subspace affine frames, readers can refer to [7,22,23,25,
30–36]. Our main contribution is to establish an MOEP under general assumptions.

A countable sequence {ei}i∈I in a separable Hilbert space H is called a Bessel sequence in H if there 
exists C > 0 such that ∑

i∈I
|〈f, ei〉|2 ≤ C‖f‖2 for f ∈ H, (1.1)

where C is called a Bessel bound; it is called a frame for H if there exist constants 0 < C1 ≤ C2 < ∞ such 
that

C1‖f‖2 ≤
∑
i∈I

|〈f, ei〉|2 ≤ C2‖f‖2 for f ∈ H, (1.2)

where C1, C2 are called frame bounds. In particular, {ei}i∈I is called a tight frame (Parseval frame) if 
C1 = C2 (C1 = C2 = 1) in (1.2). Given a frame {ei}i∈I for H, a sequence {ẽi}i∈I is called a dual of {ei}i∈I
if it is a frame such that

f =
∑
i∈I

〈f, ẽi〉ei for f ∈ H. (1.3)

It is easy to check that {ei}i∈I is also a dual of {ẽi}i∈I if {ẽi}i∈I is a dual of {ei}i∈I . So, in this case, we 
also say ({ei}i∈I , {ẽi}i∈I) is a pair of dual frames. It is well-known that ({ei}i∈I , {ẽi}i∈I) is a pair of dual 
frames for H if {ei}i∈I and {ẽi}i∈I are Bessel sequences satisfying (1.3). We denote by Z and N the set of 
integers and the set of positive integers respectively. Let d ∈ N. We denote by Td = [0, 1)d the d-dimensional 
torus, and, for a Lebesgue measurable set E in Rd, by |E| its Lebesgue measure and χE the characteristic 
function of E respectively, and denote by τ the mapping from Rd to Td defined by

τ(x) = x− k for x ∈ T
d + k with k ∈ Z

d. (1.4)

We denote by A∗ its conjugate transpose for a d ×d matrix A. A d ×d matrix A is called an expansive matrix
if it is an integer matrix with all its eigenvalues being greater than 1 in modulus. The Fourier transform of 
a function f ∈ L1(Rd) ∩ L2(Rd) is defined by

f̂(·) =
∫
Rd

f(x)e−2πi〈x, ·〉dx

and extended to L2(Rd) as usual, where 〈·, ·〉 denotes the Euclidean inner product in Rd. Similarly, the 
inverse Fourier transform of a function f ∈ L1(Rd) ∩ L2(Rd) is defined by

f̌(·) =
∫
Rd

f(x)e2πi〈x, ·〉dx

and extended to L2(Rd) as usual. We define the bracket product [f, g] of f , g ∈ L2(Rd) by

[f, g](·) =
∑
k∈Zd

f(· + k)g(· + k)

and the spectrum σ(f) by

σ(f) =
{
ξ ∈ T

d : [f̂ , f̂ ](ξ) > 0
}
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