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Equivalence classes of solutions of the Diophantine equation 
a2 + mb2 = c2 form an infinitely generated abelian group 
Gm, where m is a fixed square-free positive integer. Solutions 
of Pell’s equation x2 − my2 = 1 generate a subgroup Pm of 
Gm. We prove that Pm and Gm/Pm have infinite rank for all 
m > 1. We also give several examples of m for which Gm/Pm

has nontrivial torsion.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let m be a fixed, square-free positive integer. Solutions (a1, b1, c1) and (a2, b2, c2) of 
the Diophantine equation
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a2 + mb2 = c2 (1.1)

produce another solution under the binary operation:

(a1, b1, c1) ∗ (a2, b2, c2) = (a1a2 −mb1b2, a1b2 + a2b1, c1c2). (1.2)

This operation motivates the following definition.

Definition 1. Let Fm = Q[
√
−m] =

{
a + b

√
−m : a, b ∈ Q

}
be the quadratic field asso-

ciated with a square-free positive integer m. Let Sm denote the multiplicative subgroup 
of Fm\{0} consisting of all nonzero elements such that a2 +mb2 is a square of a rational 
number. We let Gm = Sm/Q∗.

An equivalence class [a +b
√
−m] ∈ Gm can be represented by a primitive triple (x, y, z)

with x2+my2 = z2 (a triple (x, y, z) is primitive if (x, y, z) ∈ Z ×Z ×N and gcd(x, y, z) =
1). We denote the equivalence class represented by a primitive triple (x, y, z) by [x, y, z] ∈
Gm. For example, the equivalence class of [2 + 2

√
−3] ∈ G3 is denoted by [1, 1, 2]. This 

representation is unique up to the equivalence [x, y, z] ∼ [−x, −y, z]. The group operation 
on Gm induced by the operation in (1.2) can be written as

[x, y, z] + [a, b, c] =
[
xa−myb

g
,
xb + ya

g
,
zc

g

]
, (1.3)

for [x, y, z], [a, b, c] ∈ Gm and g = gcd(xa −myb, xb + ya, zc).
For m > 1, the group Gm has been studied by various authors [2,6–8], who have 

shown, among other results, that Gm is infinitely generated and has nontrivial torsion 
Z/3Z only when m = 3.

In this paper, we study the subgroup of Gm generated by the solutions of Pell’s 
equation

X2 −mY 2 = 1. (1.4)

Let Pm ⊆ Gm denote the subgroup generated by all [1, Y, X] such that (1, Y, X) is a 
solution of (1.1), or equivalently (X, Y ) is a solution of (1.4). In Section 2, we show 
that Pm has infinite rank for all square-free m > 1 (Proposition 3). We are interested 
in determining the rank and torsion of Gm/Pm. In Section 3, we prove that Gm/Pm

has infinite rank for all square-free m > 1. In order to prove this, from a recursion 
corresponding to the Pell equation, we derive a degree-8 polynomial f(x) and discuss 
its irreducibility over Q (see Proposition 6). Regardless of irreducibility of f(x), we 
show that the splitting field of f(x) does not include Q[ζ16], where ζ16 is the primitive 
16th root of unity (see Corollary 11). We then use the Frobenius Density Theorem to 
conclude that there exist infinitely many primes p �= 1 (mod 16) with the property that 
f(x) splits completely modulo p (see Proposition 14). For each such p, we associate an 
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