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1. Introduction

Let Ω ⊂ R
N be a smooth open bounded set containing 0. In this work we study the 

existence and multiplicity of solutions to the following nonlocal problem driven by the 
fractional p-Laplacian operator⎧⎨⎩ (−Δp)su = λ|u|r−2u + μ |u|q−2u

|x|α in Ω,

u = 0 in R
N \ Ω,

(1.1)

being 0 < s < 1, p > 1, λ, μ > 0, 0 ≤ α ≤ ps < N , p ≤ r ≤ p∗, p ≤ q ≤ p∗α, where

p∗ := Np

N − ps
, p∗α := (N − α)p

N − ps
, (1.2)

are the fractional critical Sobolev and Hardy–Sobolev exponents respectively. The frac-
tional (p, s)-Laplacian operator (−Δp)s is the differential of the convex functional

u �→ 1
p
[u]ps,p := 1

p

∫
R2N

|u(x) − u(y)|p
|x− y|N+ps

dx dy

defined on the Banach space (with respect to the norm [u]s,p defined above)

W s,p
0 (Ω) :=

{
u ∈ L1

loc(RN ) : u ≡ 0 in R
N \ Ω and [u]s,p < +∞

}
.

This definition is consistent, up to a normalization constant, with the linear fractional 
Laplacian (−Δ)s for the case p = 2. The exponents in (1.2) arise from the general 
fractional Hardy–Sobolev inequality
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