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FACTORIZATION OF THE IDENTITY THROUGH OPERATORS
WITH LARGE DIAGONAL

NIELS JAKOB LAUSTSEN, RICHARD LECHNER, AND PAUL F.X. MÜLLER

Abstract. Given a Banach space X with an unconditional basis, we consider
the following question: does the identity operator on X factor through every
operator on X with large diagonal relative to the unconditional basis? We
show that on Gowers’ unconditional Banach space, there exists an operator
for which the answer to the question is negative. By contrast, for any operator
on the mixed-norm Hardy spaces Hp(Hq), where 1 ≤ p, q < ∞, with the
bi-parameter Haar system, this problem always has a positive solution. The
spaces Lp, 1 < p < ∞, were treated first by Andrew [Studia Math. 1979].

1. Introduction

Let X be a Banach space. A basis for X will always mean a Schauder basis. We
denote by IX the identity operator on X, and write 〈·, ·〉 for the bilinear duality
pairing between X and its dual space X∗. By an operator on X, we understand a
bounded and linear mapping from X into itself.

Suppose that X has a normalized basis (bn)n∈N, and let b∗n ∈ X∗ be the nth

coordinate functional. For an operator T on X, we say that:
� T has large diagonal if infn∈N |〈Tbn, b∗n〉| > 0;
� T is diagonal if 〈Tbm, b∗n〉 = 0 whenever m,n ∈ N are distinct;
� the identity operator on X factors through T if there are operators R and S

on X such that the diagram

X
IX ��

R
��

X

X
T

�� X

S

��

is commutative.
Suppose that the basis (bn)n∈N for X is unconditional. Then the diagonal operators
on X correspond precisely to the elements of �∞(N), and so for each operator T on X
with large diagonal, there is a diagonal operator S on X such that 〈STbn, b∗n〉 = 1
for each n ∈ N. This observation naturally leads to the following question.

Question 1.1. Can the identity operator on X be factored through each operator
on X with large diagonal?

In classical Banach spaces such as �p with the unit vector basis and Lp with
the Haar basis, the answer to this question is known to be positive. These are the
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