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A B S T R A C T

In this paper, a combination of a transmission line model defined in the q-s domain (spatial frequency-temporal
frequency), the two-dimensional Laplace transform and the principle of superposition is applied to compute
transient voltage and current profiles along transmission systems including time-dependent and non-linear
elements. The detailed internal information provided by these profiles can be very useful in applications such as
insulation coordination design, fault detection and location. The method presented in this paper has significant
advantages over the computation of transient profiles using EMTP-type software, given that the latter requires
the subdivision of the line, which is time consuming and prone to numerical error accumulation. Additionally,
since the line model is defined in the frequency domain, it is possible to include the frequency dependence of the
electrical parameters in a very straightforward manner. In order to evidence the accuracy and versatility of the
proposed method, several applications examples are presented, and the computed results are compared with
those obtained using ATP.

1. Introduction

The simulation of electromagnetic transients is essential for an
adequate design of power components and systems [1]. Typical tran-
sient analysis of power networks considers terminal (2-port) models of
transmission lines, so that voltage and/or current measurements are
available at specific nodes or buses. The information provided by such
models is considered sufficient for common transient studies. However,
since the maximum overvoltages and overcurrents can appear at in-
terior points along transmission lines during a transient event [2], more
detailed information may be required for studies of practical sig-
nificance such as insulation coordination and design, fault detection
and location. In such cases, the availability of transient voltages and
currents at internal points along the line can be very useful to provide a
more comprehensive depiction of wave propagation during phenomena
such as direct and indirect lightning strokes, switching operations or
faults. A traditional way to obtain measurements at internal points of a
line with transient simulation software, such as the Electromagnetic
Transients Program (EMTP), consists of dividing the line into several
shorter segments connected in series; however, using this approach to
model a transmission line is time consuming, can lead to a reduction in
accuracy due to numerical error accumulation, and increases the

computational resources required. Several methods are available in the
literature to obtain internal plots of voltage and/or current, as well as
complete profiles along transmission lines given by 3-dimensional plots
or contour maps (see for instance [2–7]). Nevertheless, since these
methods are defined in the time domain, approximations such as re-
cursive convolution are required to consider the frequency dependence
of the line. Alternatively, constant-parameter line models can be used,
but this can greatly reduce the accuracy of the computed results.

The use of frequency domain methods can be a good alternative to
time domain methods for the computation of transient profiles along
transmission lines. A frequency-domain technique for the computation
of transient profiles along constant-parameter transmission lines was
presented in [8] for applications in electronic systems. More recently, a
method based on the successive application of the inverse numerical
Laplace transform (NLT) [9,10] to obtain transient voltage and current
profiles along transmission systems, including overhead lines, under-
ground cables, transformer windings and electric networks was pre-
sented in [11], in which the frequency dependence of the electrical
parameters is accounted for by means of the concept of complex pe-
netration depth [12]. This method was further extended to obtain the
transient profiles along transmission lines excited by an indirect light-
ning stroke [13]. It was later demonstrated that the successive
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application of the inverse NLT can be replaced by a direct 2-dimen-
sional definition of the inverse NLT (2DNLT) to obtain significant
computer savings [14]. In addition, the 2DNLT has been recently ap-
plied to produce animations of electromagnetic transients along trans-
mission lines for educational purposes [15,16], as well as to produce
contour maps for fault location [17].

However, due to the linearity of the Laplace transform operator, the
2DNLT-based method for computation of transient profiles has been
restricted so far to linear time-invariant (LTI) systems. In practice,
modern power systems involve many non-linear and time-varying
conditions related to the inclusion of switching devices, protective
elements, transformers and reactors, non-linear loads, power electronic
components, etc. Therefore, the main contribution of this paper is to
extend the application of the 2DNLT to allow the computation of
transient profiles along multiconductor transmission lines considering
time-varying and non-linear conditions by means of the application of
the principle of superposition [18].

When compared with transient simulation software such as EMTP,
the method presented in this paper has the advantage of straightfor-
ward computation of transient profiles without the need to set up a
complex model with many line segments and measuring probes. It is
also important to note that if the line’s characteristics were to change or
if there is a need for a different amount of measurement points along
the line, a complete modification of the EMTP model would be re-
quired, which is impractical and time-consuming. Meanwhile if the
proposed method is used, such changes can be taken into consideration
by performing a new parameter computation [12] using the updated
line characteristics and number of samples, which would require only a
few seconds of computer time. An additional advantage of frequency
domain methods such as the one presented in this paper is in terms of
accuracy, since the inclusion of frequency dependent parameters does
not require the numerical approximations needed by time domain
methods.

The work presented in [18] has a similar approach than the present
paper in the use of the principle of superposition for the consideration
of time-dependent and non-linear elements, but it is only able to pro-
vide voltage information at the line’s terminals. In contrast, the pro-
posed method can compute both voltage and current information at any
point along the line.

The potential applications of the work presented in this paper in-
clude insulation coordination studies, location of protective devices,
fault location algorithms, among others, where transient analysis
methods with new capabilities are constantly being developed in order
to obtain better results (see for instance [17,22–26]). Several test cases
are included to illustrate the capabilities and accuracy of the method,
comparing the results with those from the transient simulation program
ATP [19].

2. Two-dimensional inverse numerical Laplace transform with
hybrid sampling

In previous work where transient profiles have been computed with
the inverse NLT [3–5], a conventional (regular) sampling has been used
in the algorithm with good results. However, it has been discussed in
[1] and [2] that odd sampling can further increase the accuracy of the
NLT algorithm. To date, this has not been successfully applied in
transient profile computation algorithms due to the fact that odd
sampling is not applicable to the spatial domain. This section shows the
implementation of a hybrid sampling in the 2DNLT, where a conven-
tional sampling is used for space domain (z), while an odd sampling is
used for time domain (t).

The two-dimensional inverse Laplace transform of a real and causal
function is defined as

∫ ∫≅ ⎧
⎨⎩

⎫
⎬⎭

+

− −

+f z t e
π

Re F q s e dωdr( , )
4

( , )
bz ct R

R

j rz ωt
2

Ω

Ω

( )

(1)

where = +q b jr , = +s c jω, b, and c are positive real constants, r and
ω are the spatial and temporal frequencies, respectively, R and −R are
the complex spatial frequency integration limits, and Ω is the temporal
frequency upper integration limit. Unlike previous works [13–16]
where a regular sampling has been used for both temporal and spatial
frequency, the use of a hybrid sampling is proposed in this paper, ap-
plying regular sampling in the spatial frequency domain and odd
sampling in the temporal frequency domain. Considering an odd sam-
pling of ω ( ⋯ω ω ωΔ , 3Δ , 5Δ , ) avoids singularities at =ω 0 and, since
the spectrum integration step is ω2Δ , the maximum frequency for odd
sampling is twice the maximum frequency of regular sampling, in-
creasing the accuracy of the NLT and improving the attenuation of
Gibbs oscillations as mentioned in [10]. The use of odd sampling in the
s domain also changes the temporal frequency’s lower integration limit
to 0. Considering this modification and including a window function
σ r ω( , ), (1) is modified as follows:
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By applying conventional sampling to the q domain, odd sampling
to the s domain (spectrum integration step equal to ω2Δ ), considering
an observation timeT and a line length L, the following discrete form of
(2) is obtained:
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for = ⋯ −n N0, 1, , 1i i and =i 1, 2.
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ε is a factor with a value between × −1 10 5 and × −1 10 3, N1 and N2 are
the number of discrete time and space samples, respectively. Also:
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Using the relations established in (5), it follows that
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