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We prove a tight upper bound on the independence polynomial 
(and total number of independent sets) of cubic graphs of girth 
at least 5. The bound is achieved by unions of the Heawood 
graph, the point/line incidence graph of the Fano plane.
We also give a tight lower bound on the total number of 
independent sets of triangle-free cubic graphs. This bound is 
achieved by unions of the Petersen graph.
We conjecture that in fact all Moore graphs are extremal for 
the scaled number of independent sets in regular graphs of a 
given minimum girth, maximizing this quantity if their girth 
is even and minimizing if odd. The Heawood and Petersen 
graphs are instances of this conjecture, along with complete 
graphs, complete bipartite graphs, and cycles.

© 2018 Elsevier Inc. All rights reserved.

1. Independent sets in regular graphs

A classic theorem of Kahn [10] states that a union of n/2d copies of the complete 
d-regular bipartite graph (Kd,d) has the most independent sets of all d-regular bipartite 
graphs on n vertices. Zhao [13] extended this to all d-regular graphs. A result of Galvin 
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and Tetali [8] for bipartite graphs combined with Zhao’s result shows that maximality 
of Kd,d holds at the level of the independence polynomial,

PG(λ) =
∑

I∈I(G)

λ|I|, (1)

where I(G) is the set of all independent sets of G.

Theorem 1 (Kahn, Galvin–Tetali, Zhao [10,8,13]). For every d-regular graph G and all 
λ > 0,

1
|V (G)| logPG(λ) ≤ 1

2d logPKd,d
(λ). (2)

The result on the number of independent sets in a regular graph is recovered by taking 
λ = 1 and noting that the independence polynomial is multiplicative over taking disjoint 
unions of graphs.

The function PG(λ) is also known as the partition function (the normalizing constant) 
of the hard-core model from statistical physics. The hard-core model is a probability 
distribution over the independent sets of a graph G, parametrized by a positive real 
number λ, the fugacity. The distribution is given by:

Pr[I] = λ|I|

PG(λ) .

The derivative of 1
|V (G)| logPG(λ) has a nice probabilistic interpretation: it is the occu-

pancy fraction, αG(λ), the expected fraction of vertices of G in the random independent 
set drawn from the hard-core model:

αG(λ) := 1
|V (G)|E|I|

= λP ′
G(λ)

|V (G)| · PG(λ)

= λ

|V (G)| (logPG(λ))′.

Davies, Jenssen, Perkins and Roberts recently gave a strengthening of Theorem 1, show-
ing that (2) holds at the level of the occupancy fraction.

Theorem 2 (Davies, Jenssen, Perkins, Roberts [5]). For every d-regular graph G and all 
λ > 0,

αG(λ) ≤ αKd,d
(λ). (3)
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