
Available online at www.sciencedirect.com

ScienceDirect

Journal of Approximation Theory 237 (2019) 96–112
www.elsevier.com/locate/jat

Full Length Article

On weighted approximation with Jacobi weights

K.A. Kopotuna,∗, D. Leviatanb, I.A. Shevchukc

a Department of Mathematics, University of Manitoba, Winnipeg, Manitoba, R3T 2N2 Canada
b Raymond and Beverly Sackler School of Mathematical Sciences, Tel Aviv University, Tel Aviv 6139001, Israel
c Faculty of Mechanics and Mathematics, National Taras Shevchenko University of Kyiv, 01033 Kyiv, Ukraine

Received 2 January 2018; received in revised form 27 June 2018; accepted 4 September 2018
Available online 11 September 2018

Communicated by András Kroó

Abstract

We obtain matching direct and inverse theorems for the degree of weighted L p-approximation by
polynomials with the Jacobi weights (1 − x)α(1 + x)β . Combined, the estimates yield a constructive
characterization of various smoothness classes of functions via the degree of their approximation by
algebraic polynomials. In addition, we prove Whitney type inequalities which are of independent interest.
c⃝ 2018 Elsevier Inc. All rights reserved.
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1. Introduction and main results

In this paper, we are interested in weighted polynomial approximation with the Jacobi weights

wα,β(x) := (1 − x)α(1 + x)β, α, β ∈ Jp :=

{
(−1/p, ∞), if 0 < p < ∞,

[0, ∞), if p = ∞.
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Let Lα,β
p (I ) :=

{
f |
wα,β f


L p(I ) < ∞

}
, where ∥·∥L p(I ) is the usual L p (quasi)norm on the

interval I ⊆ [−1, 1], and, for f ∈ Lα,β
p (I ), denote by

En( f, I )α,β,p := inf
pn∈Pn

wα,β( f − pn)


L p(I )

the error of best weighted approximation of f by polynomials in Pn , the set of algebraic
polynomials of degree not more than n − 1. For I = [−1, 1], we denote ∥·∥p := ∥·∥L p[−1,1],
Lα,β

p := Lα,β
p ([−1, 1]), En( f )α,β,p := En( f, [−1, 1])α,β,p, etc.

Definition 1.1 ([10]). For r ∈ N0 and 0 < p ≤ ∞, denote B0
p(wα,β) := Lα,β

p and

Br
p(wα,β) :=

{
f | f (r−1)

∈ ACloc(−1, 1) and ϕr f (r )
∈ Lα,β

p

}
, r ≥ 1,

where ϕ(x) :=
√

1 − x2 and ACloc(−1, 1) denotes the set of functions which are locally
absolutely continuous in (−1, 1).

We remark that, in the case p < 1, our definition of derivatives is understood in the classical
sense, i.e., the assumption f (r−1)

∈ ACloc(−1, 1) in the case r ≥ 2 is understood in the sense that
f is the (r − 1)st integral of a locally absolutely continuous f (r−1) plus a polynomial of degree
r − 2.

As is common when dealing with L p spaces, we will not distinguish between a function in
Br

p(wα,β) and all functions which are equivalent to it in Lα,β
p .

Definition 1.2 ([10]). For k, r ∈ N and f ∈ Br
p(wα,β), 0 < p ≤ ∞, define

ω
ϕ

k,r ( f (r ), t)α,β,p := sup
0≤h≤t

Wr/2+α,r/2+β

kh (·)∆k
hϕ(·)( f (r ), ·)


p
, (1.1)

where

W
ξ,ζ
δ (x) := (1 − x − δϕ(x)/2)ξ (1 + x − δϕ(x)/2)ζ ,

and

∆k
h( f, x) :=

⎧⎪⎪⎨⎪⎪⎩
k∑

i=0

(
k
i

)
(−1)k−i f (x −

kh
2

+ ih), if [x −
kh
2

, x +
kh
2

] ⊆ [−1, 1] ,

0, otherwise,

is the kth symmetric difference.

For δ > 0, denote (see [9])

Dδ :=
{

x
⏐⏐ 1 − δϕ(x)/2 ≥ |x |

}
\ {±1} = [−1 + µ(δ), 1 − µ(δ)],

where

µ(δ) := 2δ2/(4 + δ2).

We note that Dδ1 ⊂ Dδ2 if δ2 < δ1 ≤ 2, and that Dδ = ∅ if δ > 2. Also, since ∆k
hϕ(x)( f, x) = 0

if x ̸∈ Dkh ,

ω
ϕ

k,r ( f (r ), t)α,β,p = sup
0<h≤t

Wr/2+α,r/2+β

kh (·)∆k
hϕ(·)( f (r ), ·)


L p(Dkh )

. (1.2)

In particular, ω
ϕ

k,r ( f (r ), t)α,β,p = ω
ϕ

k,r ( f (r ), 2/k)α,β,p, for all t ≥ 2/k.
Following [10] we also define the weighted averaged moduli.
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