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ABSTRACT

The evolution stages of the universe such as: inflation, reheating, radiation, matter and acceleration can
affect on the shape of the spectrum of relic gravitational waves. As well known, at the end of inflation,
the scalar field ¢ oscillates quickly around some point where potential V(¢) = A¢" has a minimum. The
potential V causes that the scale factor S obtains unusual growth during inflation, as the amount of this
growth is given by eV, where N is the e-folding number. On the other hand the behaviour of the inflation
and reheating stages are often known as power law expansion like S(1) « n'*#,5(n) « n'*#s respectively.
The n is conformal time and B, B, constrained on the 1+ 8 < 0 and 1+ S > 0. The waves being used to
determine the reheating temperature in the range (106-109) GeV based on the BBO and DECIGO detectors.
Hence we found constraints on the parameters N, 8, 85 and n corresponding to the range of reheating
temperature, WMAP-9 and Planck. As these constraints give us valuable information about the manner of

the evolution of universe and the waves during inflation and reheating stages.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The relic gravitational waves (RGWSs) contain lot of information
about the very early universe. There are some stages for the evo-
lution of universe from the very early time until now like: infla-
tion, reheating, radiation, matter dominate and acceleration. Each
of these stages can affect on the shape of the spectrum of the
RGWs. As by studying these effects we can understand about the
history and the manner of the evolution of universe. We assume
the slow-roll inflation which is in good agreement with the cos-
mic microwave background observations. The scalar field ¢ of gen-
eral case of potential V(¢) = A¢™ [1]| has a minimum during the
end of inflation where A is a constant and n is a free parame-
ter. The potential V causes that the scale factor S obtains unusual
growth during inflation, as the amount of this growth is given
by eV, where N is the e-folding number. Also the reheating stage
was essential for the nucleosynthesis process since the inflation
brought temperature of the universe below for the requirement of
thermonuclear reactions. We know that frequency of the spectrum
varies due to the reheating temperature (T,;,) in the reheating stage
[2]. This T,; must be larger than a few MeV [3], for the creation
light elements, but less than the energy scale at the end of in-
flation as Ty, < 1016 GeV [4]. Especially T,;, may be determined by
future detectors of the waves such as DECIGO and/or BBO if it is
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around (106-10°) GeV [5]. We prefer to call this range as ‘espe-
cial range’ in this work. On the other hand the behaviour of the
inflation and reheating stages are often known as power law ex-
pansion like S(17) o n'+#,S(n) o n'*Fs respectively. The 7 is con-
formal time and B, Bs constrained onthe 1+ 8 <0and 1+ s > 0
[6], [7]. As B and Bs play main role in the spectrum of the RGWs
through the general range of frequency ~ (10-20-10'1) Hz. There-
fore based on the description as given above, inflation and reheat-
ing stages contain valuable information about the early universe.

Thus in order to obtain the information, we are interested to
find some constraints on the N, n, 8, B85 based on WMAP-9 and
Planck by using the estimated especial range of T,;, from DECIGO
and BBO. We use the units c = h=kg = 1.

2. Evolution of gravitational waves

We can write the perturbed metric for a homogeneous isotropic
flat Friedmann-Robertson-Walker universe as follows

ds? = S2(n)(dn? — (8;j + hyj)dx'dx)), (1)

where S(n7), n, 8, h; are cosmological scale factor, conformal time,
Kronecker delta symbol and metric perturbations respectively. The
h; contain only the pure gravitational waves and are transverse-
traceless i.e; V;hi/ = 0, 8Uh;; = 0.

In this work, we are considering the shape of the spectrum of
RGWs generated by the expanding space time background. Hence
the perturbed matter source is not taken into account. One can
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describes the RGWs with the linearised field equation that given
by

Vi (V=8 V*hij(x. 1)) = 0. (2)

The tensor perturbations have two independent physical degrees of
freedom like h™ and h* and called polarisation modes. To compute
the spectrum of RGWs h(x, ), we express h™ and h* in terms of
the creation (af) and annihilation (a) operators,

V167l d3k K
hij (%) = s(n)p Z/ @m)32 €10 75 f (g onet

+ afPhiP (e *x], (3)
where lp,:ﬁ is the Planck’s length, k is the comoving

wave number, k=|k|, and p=+, x are polarisation modes.
The polarisation tensor ei‘;(k) is symmetric and transverse-
traceless  k'e (k) = 0, 8V¢f; (k)
"fl’(k)e"/ (k) =28,y and 65(—1() =€5(k). The a and af satisfy
[aP.a I(,P/] = 8py83(k—K') and the initial vacuum state is defined
as ap|0) =0 for each k and p. For a fixed wave number k and a
ﬁxed polarisation state p, Eq. (2) gives

=0 and satisfy the conditions

/
hy + Z%h; +k?hy =0, (4)

where prime is derivative with respect to the conformal time. We
consider hy(n) without the polarisation index, since the polarisa-
tion states are same.

Then, we rescale hy(n) by taking h,(n) = f.(1)/S(n), where the
mode functions fi(n) obey the minimally coupled Klein-Gordon
equation

i+ (k2 - %”)fk —0. (5)

The general solution of this equation is given in Appendix A. On
the other hand the power spectrum of gravitational waves is de-
fined as

[ "Gk 9 = (01 (x, )y k. ) ). (6)

Substituting Eq. (3) in Eq. (6) and taking the contribution from
each polarisation is same, we get

4l
h(k.n) = ﬁklh(n)l, (7)
thus once the mode function h(n) is known, the spectrum h(k, 1)
follows.

The spectrum at the present time h(k, 1ny) can be obtained,
provided the initial spectrum is specified. The initial condition is
taken to be during the inflation. The wave with wave number
k crossed over the horizon at a time 1;, when the wavelength
Xi/2m = 1/H(n;) = S(n;)/k [8]. Now we choose the initial condition
of the mode function hy, as |h,(1;)| = 1/S(n;). The initial amplitude
of the power spectrum is

hk, n;) = 8\/7?1%. (8)
With A;/27 = 1/H(n;) it becomes
S'(m1)

=k. 9
S ©)

Therefore initial amplitude of the spectrum is given by

K 248
h(k, n;) =A<,> , (10)
KH

where the constant A can be determined by quantum normalisa-
tion [7]:

A:Sﬁllﬂ. (11)
0

Thus the amplitude of the spectrum for different ranges are
given as follows [6, 7, 9, 10].

h(k,no)=A<k'iH)2+ﬂ, k < ke, (12)
hk, 179) = A (,{'%)ﬁ YA+2p) 7, kg <k <k, (13)
) =A(1 )P0 4207 ke <k <o, (14)
hk, 70) = A (kL‘H)”ﬂ( )(1+zE) Tk <k < ks, (15)

h(k. 10) = A (")”ﬂ ﬂ("S) ("”)(1+ )7 ke<k<ki.
k kH
(16)

where kg = l{‘gE, see Appendix A for more details.

We take the value of redshift z~0.3 and y =1.05 [11] for
Q, = 0.692 from Planck 2015 [12]. By taking A/2w = 1/H [8] and
v as frequency, we can obtain v =3 x 10~19 Hz, vy =3.6 x 1019
Hz, v, = 1.4 x 10-17 Hz, vs = 1.5 x 10° Hz.

The spectral energy density parameter 24(v) of gravitational
waves is defined through the relation pg/pc = fSZg(v) , where
Pg, pc are the energy density of the gravitational waves and criti-
cal energy density respectively. Therefore we have [7]

2
2u0) = 7 (ko) (5 ) (7)

We assume that the space time is spatially flat K =0 with
Q =1, then the fraction density of RGWs must be less than unity,
Pglpc < 1. In order to pg/pc dose not exceed the level of 10>, one
gets Qg(v1) =~ 107 in Eq. (17), therefore we get vy ~4x 101 Hz
for the acceleration stage of universe [2].

One can get the constant A without scalar running as follows

8]
A= M(Uj)ﬂ
(I+z)7 W

where AZR(kO) is the power spectrum of the curvature per-
turbation evaluated at the pivot wave number kg =ko/a(ng) =
0.002 Mpc~! [12] with corresponding physical frequency vy~
4.9 x 1071 Hz. The A2(ky) = (2.464+0.072 x 1079) is given by
WMAP9 + eCMB + BAO + Hp [13]. The tensor to scalar ra-
tio r<0.11(95%CL) is based on Planck measurement [14]. We
take r=0.1 and also value of redshift zz =0.3 for TT, TE,
EE+lowP+lensing contribution in this work [12].

(18)

3. The estimated constraints on N, n, 8 and S;

At the end of inflation, the scalar field ¢ oscillates quickly
around some point where potential V(¢) = A¢" has a minimum.
The scalar power spectrum by tacking in account slow-roll infla-
tion is as follows:

200 = e (i (5) 19
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