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1. Introduction

Many kinds of generalizations of the Fibonacci sequence have
been presented in the literature. In 2007, the k-Fibonacci sequence
{F¢ n}nen is defined by Falcon and Plaza [1] as follows

Fk.O = 0, F;<,l =1
Fenyr = kBn+Faq, n>1 1)
or
{Fentnew = {0, 1,k K2+ 1,k + 2k, k* +3k2 +1,.. .}

Here, k is a positive real number. These sequences were stud-
ied by Horadam in [2]. Recently, Falcon and Plaza worked on k-
Fibonacci numbers, sequences and matrices in [3]-[4].

In 2010, Bolat and Kose [5] gave properties of k-Fibonacci
numbers. In 2014, Catarino [6] obtained some identities for k-
Fibonacci numbers. Ramirez|7]| defined the k-Fibonacci and the k-
Lucas quaternions as follows:

Dyn = {Fen + iFnia + jFoni2 + kFni3|Fon. n — th
k-Fibonacci number},

and
Pen ={Lin + il g1 + jLlgnsz + KLy ny3|Lin, n —th
k-Lucas number}
where i, j, k satisfy the multiplication rules
i2=j=k*=-1,

jk=—kj=i

ij=—ji=k
ki=—ik=]j.
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In 2015, Polath Kizilates and Kesim [8] defined split k-Fibonacci
and split k-Lucas quaternions (M, ,) and (Ny ) respectively as fol-
lows:

My n ={Fcn + iFinia + JFoni2 + KFny3|Fon, n — th

k-Fibonacci number}
where i, j, k are split quaternionic units which satisfy the multipli-
cation rules

i2

jk

“LP=kK=ijk=1 ij=—ji=k
—kj=—iki=—ik=]j.

In the 19 th century Clifford invented a new number system by
using the notation ()% = 0, & # 0. This number system was called
dual number system and the dual numbers were represented in
the form A =a+¢ea* with a,a* e R [9]. Afterwards, Kotelnikov
(1895) and Study (1903) generalized first applications of dual num-
bers to mechanics [10],[11]. Besides mechanics, this concept has
lots of applications in different areas such as algebraic geome-
try, kinematics, quaternionic formulation of motion in the theory
of relativity. Majernik has introduced the multicomponent number
system [12]. There are three types of the four-component number
systems which have been constructed by joining the complex, bi-
nary and dual two-component numbers. Later, Farid Messelmi has
defined the algebraic properties of the dual-complex numbers in
the light of this study [13]. There are many applications for the
theory of dual-complex numbers. In 2017, the dual-complex Fi-
bonacci numbers defined by Giingér and Azak [14].

Dual-complex numbers [13] w can be expressed in the form as

DC = {w =z + £23|21, 2, € C where €2 =0, ¢ # 0}. (2)
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Table 1
Multiplication scheme of dual-
complex numbers.

X 1 i e ie
1 1 i e i€
i i -1 ie -
e e ie 0 0
ie ie - 0 0

Here if z; =x; +ix, and z; =y; +iy,, then any dual-complex
number can be written

W=2X{+iXo+EY1+i€)r (3)

2=-1,6+£0,e=0,(ig)>=0.

The real and dual quaternions form a division algebra, but dual-
complex numbers form a commutative ring with characteristics
0. Moreover, the multiplication of these numbers gives the dual-
complex numbers the structure of 2-dimensional complex Clifford
Algebra and 4-dimensional real Clifford Algebra. The base elements
of the dual-complex numbers satisfy the following commutative
multiplication scheme (Table 1).

Five different conjugations can operate on dual-complex num-
bers [13] as follows:

W=21+62; =X1 +iX2+ €Y1 +18y2. 22 # 0,
W = (X1 —ix2) + €Y1 —iy2) = (z1)" +&(z2)",
W2 = (X1 +ix) —e(y1 +1y2) =21 — €23,
WS = (X —ixy) —e(y1 —iyy) =27} — &23, (4)
. yit+iya 23
W =X —iX)(1—e———=)=(z1)"(1 — =),
(1 —ix)(1 -l ) = ()" (1 e 2)
W = (Y1 +1iy2) — X1 +iXy) =25 — €21.

Therefore, the norm of the dual-complex numbers is defined as

Noj =l x wt]| = /[7}| + 26Re(z122°),
N = |lw x w2 || =/Z2,
R P = e ®

N =llw x w | =,/ |22,
Ny =|lw x w*|| =/z122 + £(23 — z12).

Similarly, in 2017, the dual-complex Fibonacci and Lucas numbers
defined by Giingér and Azak [14] as follows

DCF, = (Fy + iF41) + € (Fig2 + iFy3)
=F +iF1 + €Fn +ighys

(6)

and
DCLy = (L + ilnt1) + € (Lny2 + ilny3)
=Ly +ilp1 + ELpya +i€lyys
where the basis {1, i, &, ie} satisfy the conditions
2=-1,6+£0,82=0,(ig)> =0.

In this paper, the dual-complex k-Fibonacci numbers and the
dual-complex k-Lucas numbers will be defined respectively, as fol-
lows

DCF, = B + iFi n1 + € ny2 + 6B ny3s

and

DCLy n = L n + iLli ny1 + Lk ny2 + €L 43,

2=-1,6+£02 =0, (ie)> = 0.

where Fy ,, nth k-Fibonacci number and L; ,, nth k-Lucas number.

The aim of this work is to present in a unified manner a variety
of algebraic properties of the dual-complex k-Fibonacci numbers
as well as both the dual-complex numbers and k-Fibonacci num-
bers. In particular, using five types of conjugations, all the proper-
ties established for dual-complex numbers are also given for the
dual-complex k-Fibonacci numbers. In addition, Binet's Formula,
the Honsberger identity, the d’Ocagne’s identity, Cassini’s identity
and Catalan’s identity for these numbers are given.

2. The dual-complex k-Fibonacci numbers

The dual-complex k-Fibonacci and k-Lucas numbers can be de-
fine by with the basis {1, i, &, ic}, where i, ¢ and ie satisfy the
conditions
2=-1,6+£0,82=0, (ie)> =0.
as follows
DCF, p = (Fen + iFeni1) + €Fenia + iFnis) (8)

=Fen +iFns1 + €Ronga + i8R ny3
and
DCLyn = (Lgn + ili ng1) + € Lyenia + ilinss)
=Lin +ilg i1 + €Lk ny + €L nys-

(9)

With the addition and multiplication by real scalars of two dual-
complex k-Fibonacci numbers, the dual-complex k-Fibonacci num-
ber can be obtained again.
Then, the addition and subtraction of the dual-complex k-

Fibonacci numbers are defined by
DCFy £ DCFy;n = (Fep + iFeni1 + €Fenia + i€F ny3)

+(Fem + B my1 + EFfcmy2 + 1€ my3)

= (Fen £ Fom) +iFng £ Fomar)
+&(Fenio £ Femyz) +i€(Fepes £ Fomes)  (10)

The multiplication of a dual-complex k-Fibonacci number by
the real scalar A is defined as

ADCF, , = )"Fk,n + l‘)\.FkﬂJrl + SA'Fk,nJrZ + i(c/‘)\,FkynJr?,. (11)

The multiplication of two dual-complex Fibonacci numbers is
defined by
DCFn x DCF = (B y + iR ns1 + R ny2 +1€F n43)
(Fe.m + 1B my + €Feman + 18F ni3)
= (Fen Fom — o Feome1)
+ i(Fk,n-H ﬁcm + Fk.n ﬁc.m+l)
+ S(FkﬂFk,m#—Z - Fk,n+1Fk,m+3
+ Fk,n+2Fk,m - Fk,n+3Fk,m+1 )
+ i€ (Fensa Fomaz + FonFomas
+ Fk,n+3Fk,m + Fk,n+2Fk<m+1 )
= DCF , x DCF ;. (12)
Also,the dual-complex k-Fibonacci numbers provide the properties
of (4)-(5) [13].
Five kinds of conjugation can be defined for dual-complex num-

bers [13]. Therefore, conjugation of the dual-complex k-Fibonacci
number is defined in five different ways as follows

DCF, "' =F.n — iFni1 + €Fcni2 — i€F 43, complex — conjugation
(13)
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