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A note on coupled elliptic systems involving
different Hardy–type terms

Dongsheng Kang∗, Xiaonan Liu
School of Mathematics and Statistics, South–Central University for Nationalities,

Wuhan 430074, P. R. China

Abstract

In this paper, a system of Hardy–type critical elliptic equations is studied,
asymptotic properties at the origin of positive solutions are proved by the Moser
iteration method and an open problem proposed in [1] is solved.
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1 Introduction

In this paper, we study the following elliptic system:




−∆u − µ1
u

|x|2 = u2∗−1 +
ηα

2∗
uα−1vβ + a1u+ a2v in Ω,

−∆v − µ2
v

|x|2 = v2
∗−1 +

ηβ

2∗
uαvβ−1 + a2u+ a3v in Ω,

u, v > 0 in Ω \ {0}, u = v = 0 on ∂Ω,

(1.1)

where Ω ⊂ RN(N ≥ 3) is a bounded domain with smooth boundary such that 0 ∈ Ω
and the parameters satisfy the following assumption:

(H1) N ≥ 3, η > 0, 0 ≤ µ2 ≤ µ1 < µ̄ := (N−2
2

)2, ai ≥ 0, i = 1, 2, 3,

α > 1, β > 1, α + β = 2∗ := 2N
N−2

.

Let H := H1
0 (Ω) be the completion of C∞

0 (Ω) with respect to (
∫
Ω
|∇ · |2 dx)1/2.

The functional corresponding to (1.1) is defined on H ×H by

J(u, v) :=
1

2

∫

Ω

(
|∇u|2 + |∇v|2 − µ1u

2 + µ2v
2

|x|2 −
(
a1u

2 + 2a2uv + a3v
2
))

dx

− 1

2∗

∫

Ω

(
|u|2∗ + |v|2∗ + η|u|α|v|β

)
dx.
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