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a  b  s  t  r  a  c  t

In this  paper,  an  N-parallel  FENE-P  constitutive  model  based  on  multiple  relaxation  times is  proposed,  it
can be  viewed  as a  simplified  version  of the  multi-mode  FENE-P  model  under  the  assumption  of  identical
deformation  rate. The  proposed  model  holds  the merit  of  multiple  relaxation  times  to  preserve  good
computational  accuracy  but  could  reduce  the  computational  cost,  especially  in  the  application  of  high-
fidelity  numerical  simulation  of viscoelastic  turbulent  drag-reducing  flow.  Firstly  the  establishment  of
N-parallel  FENE-P  model  and  the numerical  approach  to  calculate  the  apparent  viscosity  are  introduced.
Then  the  proposed  model  is  compared  with  the  experimental  data  and  the  conventional  FENE-P  model
in  estimating  rheological  properties  of  two common-used  viscoelastic  fluids  to validate  its  performance.
This  work  is  an  extended  version  of  our  ICCS  conference  paper  [1].  To further  judge  the  performance  of
the  proposed  FENE-P  model  in  complex  turbulent  flows,  the extended  application  of  the proposed  model
in  large-eddy  simulation  of viscoelastic  turbulent  drag-reducing  channel  flow  is carried  out.

©  2018  Elsevier  B.V.  All  rights  reserved.

1. Introduction

In 1948, Toms [2] first reported an interesting phenomenon
that adding a little bit of additive, such as some kinds of poly-
mers, into the turbulent flow would induce a drag reduction (DR)
in the 1st International Rheology Congress, it was later called tur-
bulent DR effect or Toms’ effect. From 1950 to now, as two kinds
of successful turbulent drag reducers, the researches on turbu-
lent DR mechanism and industrial applications of the polymer
and surfactant have attracted a multitude of scholars’ attention all
over the world. Among the popular research approaches, numer-
ical simulation has become a powerful tool to get insight into
the DR mechanism of the viscoelastic fluid accompanying with
rapid developments in mathematical modeling and computer sci-
ence in recent years. However, distinguishing from the Newtonian
fluid, the viscoelastic fluid shows complicated rheological proper-
ties and elastic effect. It is a prerequisite to establish a constitutive
model that describing the quantitative relation between elastic
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stress and strain in numerical simulations of viscoelastic turbu-
lent drag-reducing flow. In general, the upper convected Maxwell
(UCM) model [3], Oldroyd-B model [4,5] and Giesekus model [6]
as well as the FENE-P model [7] are commonly-used constitutive
models in a large number of studies. For the desirable performance
to represent the shear-thinning property compared with the UCM
and Oldroyd-B models, the Giesekus and FENE-P models have been
applied widely. Especially in the FENE-P model the deformation
is assumed to be finitely extensible nonlinear, which matches the
physical process well.

It is well known that the rheological properties and turbulent
DR effect are closely related to the microstructures (such as the
long-chain structure in the polymer solution, network structure
in surfactant solution, etc.) formed in viscoelastic fluids. There-
fore, it is necessary to delve into the validity of the constitutive
model from the deformation of microstructures. For the polymer
solution, as the Fig. 1(a) shows, the long-chain structure would
exert dynamic deformation under the shear effect in flow, some-
times they would tangle with each other [8]. Different from the
polymer solution, the DR effect of surfactant solution depends on
the micelles which are composed of small surfactant molecules.
As illustrated in Fig. 1(b), the spherical micelles, rod-like micelles
and network structures would be formed in sequence with the
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Fig. 1. Schematics of microstructures formed in two viscoelastic fluids.

increase of the surfactant concentration under shear effect in flow,
accompanying with dynamic deformations of microstructures [9].
From above all, it is evident to see that various deformations of
microstructures will take place under the shear effect in viscoelas-
tic fluid. The difficulty to deform can be measured by the relaxation
time, it reflects the elastic effect strength of the viscoelastic fluid
and is a significant parameter in the constitutive model. For the real
viscoelastic fluid, the relaxation time has a wide range of scales
(called spectral/multiple relaxation times) due to the anisotropy
caused by various deformations and configurational states in the
shear flow. In theoretical and experimental studies of the DR effect,
however, the multiple relaxation times are always simplified as sin-
gle relaxation time because of the extra computational cost and
sophisticated analysis when multiple relaxation times are con-
sidered. Correspondingly, the commonly-used constitutive models
mentioned above are characterized by only a single relaxation time,
which is inconsistent with the real physical process apparently.
It is the main reason that results in deviations between the the-
oretical, experimental and numerical studies of DR mechanism of
viscoelastic turbulent flow.

Based on the deformation characteristics of the microstructures
in viscoelastic fluid, though the FENE-P model has been illus-
trated to accurately describe the deformation during unravelled
and extended states of the polymer [10–14] and is sufficient for
steady flow [15], it is apparent that the traditional FENE-P model
with single relaxation time is incapable of accurately characteriz-
ing the anisotropy of the deformations or the oscillatory dynamic
viscoelasticity. To improve this shortcoming, the multi-mode FENE
bead-spring chain model considering multiple relaxation times was
proposed and applied to provide a satisfactory description of the
polymer dynamics in flows involving a wide range of polymer con-
figurational states [10,11,13,16]. However, these models are rarely
used in practice due to their prohibitive computational cost. This
limitation would be highlighted especially in the direct numerical
simulation (DNS) or large-eddy simulation (LES) of viscoelastic tur-
bulent drag-reducing flow with additives (drag reducer) because
extra FENE-P models need to be solved in the simulation.

Therefore, there is a need to develop new or improved multi-
mode models which can mimic  the dynamics predicted by the FENE
chain at a more affordable computational cost. In this study, a sim-
plified multi-mode FENE-P model that we call N-parallel FENE-P
model is put forward. The proposed model holds the multiple relax-
ation times but could relieve the computational burden under the
assumption of identical deformation rate in numerical applications.
Although this is not the first attempt to empoly the idea of multiple
relaxation times (multi-mode) to describe the complex rheological
behaviors of viscoelastic fluids, the problem we want to address in
this paper stems from the high-fidelity numerical simulation (such
as DNS, LES) of viscoelastic turbulent drag-reducing flow, which has

high requirement on the accurate representation of the rheologi-
cal properties (especially the apparent viscosity) of the viscoelastic
fluid. However, it is always contradictory because the additional
computational cost would be introduced if the multi-mode FENE-
P model is applied. Therefore, it does make sense to improve the
multi-mode FENE-P model to gain a good balance between the com-
putational cost and computational accuracy in the simulation. The
contribution of this work mainly focuses on two aspects: firstly we
propose a simple N-parallel FENE-P model to capture the complex
rheological behaviors of viscoelastic fluid with small number mode
as least as possible (it needs at least two modes) under the assump-
tion of identical deformation rate for each mode. Fortunately, it is
validated with the experimental data and the traditional FENE-P
model that our proposed N-parallel FENE-P model is already pow-
erful enough with two contrasted relaxation timescales. Then the
double-parallel FENE-P model is applied to the LES of viscoelastic
turbulent drag-reducing channel flow. To the best of our knowl-
edge, this is the first attempt that the multi-mode type FENE-P
model is employed to the LES study of anisotropic turbulent drag-
reducing flow with polymer drag reducer, because for the LES of
viscoelastic fluid, the construction of the sub-grid scale (SGS) model
is still far from its maturity.

The remainder of this paper is organized as follows. In Section
2, we introduce the establishment of the N-parallel FENE-P consti-
tutive model. The numerical approach to compute the apparent
viscosity is briefly presented in Section 3. The validation of the
proposed N-parallel FENE-P model with experimental data and
traditional FENE-P model is illustrated in Section 4. In Section 5,
we apply the double-parallel FENE-P model with two relaxation
timescales to the LES of viscoelastic turbulent drag-reducing chan-
nel flow. The concluding remarks of this work are summarized in
Section 6.

2. Establishment of the N-parallel FENE-P constitutive
model

The core idea of the proposed N-parallel FENE-P constitutive
model is to put total number N branching FENE-P models in paral-
lel, which enables it holds the multiple relaxation times but could
reduce the computational burden in numerical simulations because
only one group of deformation rate tensor need to solve. The pro-
posed FENE-P model can describe the rheological behaviors of
viscoelastic fluid and characterize the anisotropy of microstructure
deformations more accurately. In the following text, the establish-
ment of the improved FENE-P type model is introduced in detail.

To get insight into the rheological properties of the viscoelas-
tic fluid from the microcosmic viewpoint, Bird et al. [7] modeled
the polymer macromolecules by using a discrete-element model
with the finitely extensible nonlinear elastic (FENE) characteristic,
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