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Abstract

A recent paper introduced a new whole-link travel time model and showed that it has various desirable properties,
including a first-in-first-out (FIFO) property, causality and consistency with the usual static model when flows are
constant. The model is formulated as a continuous-time first-order differential equation, which does not have a general
analytical solution but can be solved (approximately) numerically by forward or backward discrete-time differencing
methods. Here we show that if the step sizes are not arbitrarily small then the solutions obtained by the usual differencing
methods do not always preserve FIFO. In view of that, we introduce a new differencing method and prove that it always
preserves FIFO and the other desirable properties exhibited by the continuous-time model. In numerical examples we illus-
trate how the new discrete-time differencing model eliminates FIFO violations, illustrate convergence of a solution process
for the new model, and illustrate how various inflow patterns affect FIFO under the old and new differencing methods.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: Link travel time; Dynamic traffic assignment; First-in-first-out property; FIFO

1. Introduction

For traffic networks where the flows and travel times are varying over time, it is well known that if the link
travel times are modelled as a function of the current inflow and/or outflow of the link, this can cause unre-
alistic behaviour of the travel times, including FIFO violations. To overcome this, in a recent paper Carey
et al. (2003) introduced a new whole-link model. They show that the above problems are avoided if, instead
of treating the link travel time as a function of the state of the link at time of entry, we treat it as a function of
an estimate of the flow in the immediate neighbourhood of the vehicle, averaged over the time the vehicle
spends traversing the link. This average flow rate can be approximated by an average of the inflow rate when
the vehicle is entering the link and the outflow rate when it is exiting from the link. They formulate the model
as a continuous-time first-order differential equation, and show that it has various desirable properties, includ-
ing satisfying a first-in-first-out (FIFO) condition. The model does not have a general analytical solution, but
can be solved numerically (approximated) using various discrete-time forward or backward differencing
methods for solving first-order differential equations. However, in the present paper we show that the standard
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forward or backward differencing methods yield solutions that can violate FIFO, though the FIFO violations
are reduced as the discretisation is refined. In view of this, we consider other solution schemes and develop an
alternative differencing method that always ensures FIFO without requiring that the time steps in the discret-
isation be small. The method consists of applying the backward differencing method while moving forward in
time, or applying the forward differencing method while moving backwards in time. We show that either of
these methods always preserves FIFO and other properties of the continuous-time model.

The new solution method and model ensures FIFO even if large time steps Dt are used, which is important
for various reasons. First, larger time steps reduce the amount of computation. Second, it is shown in Carey
and Ge (2003) that the approximation to the LWR traffic flow model (Lighthill and Whitham, 1955; Richards,
1956) is improved if the length of the time step is near to (but not greater than) the time taken to traverse the
link. A third reason is as follows. The differencing scheme yields a discrete-time version of the continuous-time
model. This discrete-time version can be used to model the link travel times in discrete-time or multi-period
network models for dynamic traffic assignment (DTA). In that case, the time steps in the differencing scheme
may be used as the period lengths in the multi-period models for DTA, and there are various reasons for not
making the latter period lengths in DTA models arbitrarily small.

The discrete-time solution methods developed and presented in this paper have been used to solve numer-
ical examples in some previous papers by the authors, including Carey (1999, 2001) and Carey and Ge (2003,
2004), but neither the methods nor their properties nor their effect on FIFO have been set out or discussed in
those papers.

So that this paper may be self-contained, Section 2 summarises the model introduced in Carey et al. (2003).
Section 3 introduces standard discrete-time backward and forward differencing methods to solve the contin-
uous-time model, shows that these can violate FIFO, introduces new differencing methods and shows that
these preserve FIFO and other properties of the continuous-time model. Section 3 also presents some simple
examples in which analytical solutions can be found. Numerical experiments are presented in Section 4 to illus-
trate FIFO violation arising from the use of the usual differencing methods, illustrate the convergence of an
iterative scheme designed to solve the proposed differencing method, and illustrate the effects of various inflow
profiles on FIFO under the old and new differencing schemes.

2. A continuous-time whole-link travel-time model satisfying FIFO

The continuous-time model of Carey et al. (2003) can be set out as follows. For a vehicle entering a link at
time t, let the time s(t) that it takes to traverse the link be a function h(w(t)) of a flow rate w(t), where w(t) is a
weighted average of the inflow rate when the vehicle is entering the link and the outflow rate when the vehicle
is exiting from the link. When the vehicle is entering the link at time t let the inflow be u(t) and when it is exit-
ing at time t + s(t) let the outflow be v(t + s(t)). Hence the weighted average of these can be written as

wðtÞ ¼ buðtÞ þ ð1� bÞvðt þ sðtÞÞ; ð1Þ

where b is a constant and 0 6 b < 1. Letting the link travel time s(t) be a function of this weighted average flow
gives

sðtÞ ¼ hðwðtÞÞ ¼ hðbuðtÞ þ ð1� bÞvðt þ sðtÞÞÞ; ð2Þ

where h(Æ) is a given, continuous, nondecreasing or strictly increasing function. (Strictly increasing is needed
when we later use the inverse h�1(Æ).) The weighted average (1) can be thought of as an approximation to the
‘‘average’’ of the flow rates in the immediate neighbourhood of the vehicle over the time that the vehicle travels
along the link. The travel-time function (2) is then simply the well-known static travel-time model s = h(u)
with the constant flow u replaced by the weighted average flow rate (1).

The functional form and parameters for the travel time function h(Æ) in this paper, as in Carey et al. (2003),
are assumed to be the same as in the widely used ‘static’ travel time functions that are used for example in
static traffic assignment network models. In the latter, the link travel time is written as a function of the link
flow and both are assumed constant over time. Since such travel time functions have been in use, discussed and
estimated for decades (e.g. see Transportation Research Board, 2000), it is not necessary to discuss them or
their estimation further here. Also, it is of course well-known that the travel time functions, flow density
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