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a b s t r a c t

Preference relations are a powerful quantitative decision approach that assists decision makers in
expressing their preferences over alternatives. In real-life applications, decision makers may not be able
to provide exact preference information with crisp numbers. To solve this problem, a
hesitant-intuitionistic fuzzy number (Hesitant-IFN) is proposed in this paper, and a proposal for the
hesitant-intuitionistic fuzzy preference relation (Hesitant-IFPR) and its complementary form
(Hesitant-IFCPR) for uncertain preference information are presented. Compared with other preference
relations, the proposed relations use hesitant fuzzy elements (HFEs) to express the priority intensities
of decision makers and produce the corresponding non-priority intensities by a conversion formula. In
addition, we have deduced the operational laws and comparative methods of Hesitant-IFNs and used
such information to investigate the corresponding aggregation operators and the approximate consis-
tency tests. Next, we have constructed a group decision-making approach under a
hesitant-intuitionistic fuzzy environment. Finally, two case studies are presented to illustrate the prefer-
ence relations, the approximate consistency tests and the group decision method.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Because of the high complexity of socioeconomic environments,
it is difficult to acquire sufficient statistical data for practical deci-
sion making. Thus, the preference relation, which is a key analysis
technique, has attracted wide-spread attention in the field of deci-
sion making and produced accurate results in recent few decades
(Çakır, 2008; Jiang, Xu, & Yu, 2013; Lee, 2012; Orlovsky, 1978;
Ovchinnikov & Roubens, 1991; Saaty, 1977; Wang & Fan, 2007;
Xu, 2011; Yu, Xu, & Liu, 2013; Zhang & Xu, 2014; Zhukovin,
Burshtein, & Korelov, 1987).

The analytic hierarchy process (AHP) is a classical quantitative
decision approach based on the preference relations (Saaty, 1977,
1980), and it has been successfully used to support decisions in
numerous business environments; the process expresses the
decision-maker’s preference information over alternatives through
pairwise comparisons with crisp numbers. However, because of the
complexity and uncertainty of real problems that require decisions,
time pressure, lack of knowledge, and the decision maker’s limited
expertise, it is impracticable for the decision makers to use exact

values to express their preference information for all alternatives.
To address this issue, extended preference relations, such as the
interval-valued fuzzy preference relations (Bustince & Burillo,
2002; Xu, 2013), the triangular fuzzy preference relations (Xu,
2002), the incomplete interval fuzzy preference relations (Xu,
2007a; Xu, Li, & Wang, 2014; Wang, 2014), and the
interval-valued multiplicative preference relations (Liu, 2009), have
been proposed to allow the decision makers to utilize different
types of fuzzy numbers to express their preference information.

Basic elements of these preference relations only provide the
priority intensity, which indicates that an alternative is preferred
over another and tends to overlook the corresponding non-priority
information. To solve this problem, the intuitionistic fuzzy prefer-
ence relations (Szmidt & Kacprzyk, 2003; Xu, 2007b; Gong, Li,
Zhou, & Yao, 2009; Gong, Li, Forrest, & Zhao, 2011) were developed.
Recently, Xia and Xu (2011b), Xia, Xu, and Liao (2013) and Xia and
Xu (2013) constructed the additional intuitionistic multiplicative
preference relations and hesitant fuzzy multiplicative preference
relations based on the Saaty’s 1–9 scale, and Jiang et al. (2013) stu-
died their compatibility measures and consensus models.

Based on the aforementioned technological analysis, fuzzy pref-
erence relations have been developed to avoid using exact values
to express preference information and intuitionistic fuzzy prefer-
ence relations (IFPRs) have been proposed to introduce
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non-priority intensity and effectively describe fuzziness and uncer-
tainty, thus indicating that there are different and distinct advan-
tages in the two types of extended preference relations. This
study has synthesized these advantages by introducing a more
general fuzzy number hesitant fuzzy element (HFE) and proposing
the hesitant-intuitionistic fuzzy number (Hesitant-IFN). The corre-
sponding Hesitant-IFPR and complementary form Hesitant-IFCPR
have also been developed, and their basic operations, comparative
laws, aggregation operators and approximate consistency test have
been studied in detail. By using these calculations and theories, we
have constructed a group decision-making approach under the
Hesitant-IFN environment and provided two case studies as
illustration.

This paper is organized as follows: the Hesitant-IFN is proposed
in Section 2, and in Section 3, we further develop the Hesitant-IFPR
and the Hesitant-IFCPR and introduce an aggregation operator. In
Section 4, we provide an approximate consistency test and present
the corresponding group decision-making approach. Two case
studies are discussed in Section5, and conclusions are included in
Section 6.

2. Hesitant-IFN and its operations

In this section, we briefly review two basic concepts of IFN and
HFE and their operational laws. Next, we introduce the
Hesitant-IFN and investigate its operational laws.

2.1. Some basic concepts

To extend the fuzzy set (Zadeh, 1965), an intuitionistic fuzzy set
(A-IFS or IFS) that provides a powerful tool to address vagueness
has been proposed (Atanasov, 1986). A prominent characteristic
of the IFS is the simultaneous consideration of membership degree
and non-membership degree. The concepts of IFS are as follows:

Definition 1 (Atanasov (1986)). If X ¼ ðx1; x2; . . . ; xnÞ is fixed, then
an IFS A in X can be defined as follows:

A ¼ xi;lðxiÞ; mðxiÞð Þ xi 2 Xjf g ð1Þ

where lðxiÞ 2 ½0;1� and mðxiÞ 2 ½0;1� satisfy 0 6 lðxiÞ þ mðxiÞ 6 1 for
all xi 2 X and lðxiÞ and mðxiÞ are the membership degree and
non-membership degree, respectively, of the element xi 2 X to A.

For computational convenience, Xu and Yager (2006) referred
to la; ma
� �

as an Atanassov intuitionistic fuzzy number (A-IFN or
IFN) and denoted it as a with the conditions 0 6 la; ma 6 1 and
0 6 lðxiÞ þ mðxiÞ 6 1.

Definition 2 (Xu and Yager (2006)). For an IFN la; ma
� �

;

sðaÞ ¼ la � ma and hðaÞ ¼ la þ ma are the score function and the
accuracy function, respectively, of a. For two IFNs a and b,
if sðaÞ < sðbÞ, then a < b; and if sðaÞ ¼ sðbÞ, then (i) if hðaÞ ¼ hðbÞ,
then a ¼ b; (ii) if hðaÞ < hðbÞ, then a < b; (iii) if hðaÞ > hðbÞ, then
a > b.

If a ¼ la; ma
� �

, a1 ¼ la1
; ma1

� �
and a2 ¼ la2

; ma2

� �
are three IFNs,

and k > 0, then the following operational laws are valid:

(1) a1 � a2 ¼ la1
þ la2

� la1
� la2

; ma1 � ma2

� �
;

(2) a1 � a2 ¼ la1
� la2

; ma1 þ ma2 � ma1 � ma2

� �
;

(3) ka ¼ 1� ð1� laÞ
k; mk

a

� �
;

(4) ak ¼ lk
a;1� ð1� maÞk

� �
.

Recently, Torra and Narukawa (2009) proposed a hesitant fuzzy
set (HFS), which is a more general fuzzy set and permits the
membership to include a set of possible values.

Definition 3 (Torra and Narukawa (2009)). If X is a fixed set, then
an HFS on X is in terms of a function that, when applied to X, yields
a subset of 0;1½ �.

To be easily understood, Xia and Xu (2011) expressed the HFS
by a mathematical symbol:

E ¼ x; hEðxÞh i x 2 Xjf g ð2Þ

where hEðxÞ is a set of some values in 0;1½ �, denoting the possible
membership degrees of the element x 2 X to set E, and represents
HFE.

Definition 4 (Xia and Xu (2011a)). For a HFE h; sðhÞ ¼
P

c2hc=lðhÞ
represents the score function of h, where lðhÞ is the number of val-
ues in h and c is the element of the hesitant fuzzy set h. For two
HFEs h1 and h2, if sðh1Þ > sðh2Þ, then h1 > h2; and if sðh1Þ ¼ sðh2Þ,
then h1 ¼ h2.

Moreover, the operational laws related to any three HFEs h;h1

and h2, are expressed as follows:

(1) hk ¼ [c2h ck
� �

; k > 0; (2) kh ¼ [c2h 1� ð1� cÞk
n o

;

k > 0;
(3) h1 � h2 ¼ [c12h1 ;c22h2

c1c2

� �
; (4) h1 � h2 ¼ [c12h1 ;c22h2

c1 þ c2 � c1c2

� �
;

(5) kðh1 � h2Þ ¼ kh1 � kh2; (6) ðh1 � h2Þk ¼ hk
1 � hk

2.

Here, the union operator ‘‘[’’ is a basic operation of HFEs
according to Xia and Xu (2011), and indicates a set of all calculated
results that is consistent with the definition of HFE.

2.2. Hesitant-IFN and operational and comparative laws

The main characteristic of IFN is the simultaneous consideration
of both membership and non-membership degrees, which is pre-
sented as A ¼ xi;lðxiÞ; mðxiÞð Þ xi 2 Xjf g, and the advantage of HFE is
the general presentation of the membership degree with a set of
possible values, which is presented as E ¼ x;hEðxÞh i x 2 Xjf g. To syn-
thesize these two fuzzy sets, we have developed the following
hesitant-intuitionistic fuzzy set (Hesitant-IFS) and number
(Hesitant-IFN):

Definition 5. If X ¼ ðx1; x2; . . . ; xnÞ is a fixed set, then a Hesitant-IFS
K on X can be defined as follows:

K ¼ xi; hKðxiÞ; mKðxiÞð Þ xi 2 Xjf g ð3Þ

where hKðxiÞ and mKðxiÞ represent the membership degree
and the non-membership degree, respectively, of element xi

to K, and hKðxiÞ is a HFE with hKðxiÞ# ½0;1� and
maxfhKðxiÞg þ mKðxiÞ 6 1. In addition, the pair hKðxiÞ; mKðxiÞð Þ repre-
sents the Hesitant-IFN.

In Hesitant-IFN K ¼ xi;hKðxiÞ; mKðxiÞð Þ xi 2 Xjf g; hKðxiÞ is the
membership degree, which is presented with HFEs, and mðxiÞ is
the non-membership degree. Thus, this new fuzzy number
could effectively synthesize the characteristics of IFN and HFE. To
demonstrate this synthesized effect, we have presented
their corresponding simplified forms and a simple example as
follows:
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