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We study the polyhedral approach to the cardinality-constrained linear programming problem (CCLP).
First, we generalize Bienstock’s critical-set inequalities. We find necessary and sufficient conditions for
the generalized inequalities to define facets of the convex hull of CCLP’s feasible set. Then, we show
how to derive lifted surrogate cutting planes on-the-fly. We test the use of both families of inequalities

on branch-and-cut to solve difficult instances of CCLP to proven optimality. Our computational results
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indicate that the use of the inequalities can reduce the time required to solve CCLP by branch-and-cut
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1. Introduction Assumption 1. a; > --- > ap.
Assumption 2. K <n-1.
Let m,n and K be positive integers, M = {1,...,m}, and A ion 3. S b
N = {1,...,n}. The cardinality-constrained linear programming prob- ssumption 3. 5 ; ,q; > b.
lem (CCLP) is Assumption 4. b > 0 and g; > 0, Vj € N.
Assumption 1 is without loss of generality (WLOG). When
o Assumption 2 does not hold, (4) is redundant, so it is also WLOG.
maximize ZCJ‘X;‘ Given Assumptions 1, 3 guarantees feasibility. Assumption 4 car-
JeN ries loss of generality. However, it is satisfied in important applica-
subjectto > @y >b;  ieM (1)  tions, e.g. portfolio selection (Bienstock, 1996).
jeN Let S = {x € R": (2)-(5) hold}, where
S > i
520 JeN 2 Sap > )
X <1 jeN (3) N
at most K variables x; can be nonzero. 4)

Constraint (4), which we call cardinality, arises for example in
finance (Perold, 1984; Qiu, Ahmed, Dey, & Wolsey, 2014) and
petroleum engineering (Vasantharajan & Cullick, 1997); see also
Boyd (2012), Kellerer, Pferschy, and Pisinger (2004), Buglieri,
Ehrgott, Hamacher, and Maffioli (2006). de Farias and Nemhauser
(2003) showed that CCLP is NP-hard even when m = 1.

We assume that:
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is one of the inequalities (1), and let P = conv(S). Here, we study
two families of inequalities valid for S and their use within
branch-and-cut to solve CCLP to proven optimality.

The polyhedron P, under Assumption 4, was studied by
Bienstock (1996), who in particular introduced critical-set inequal-
ities for P. On the other hand, P, under the different assumption that
b <0and g; <0, Vj e N was studied by de Farias and Nemhauser
(2003). The case where the variables are binary was considered
by Stephan (2010) and Zeng and Richard (2011).

Here we give two new inequalities for P. Our first family of
inequalities generalizes Bienstock’s critical-set inequalities. Our
second family of inequalities is obtained by lifting surrogate cardi-
nality constraints, i.e., inequalities of the type
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D% <K, (6)
jeN'
where N' C N.

Given a set of indices A C N, we denote the minimum and max-
imum elements of A as min(A) and max(A), respectively. We let
A=N\Aand A=AuU {j € N :j > max(A)}. For a given nonnegative
integer t, we let A; be the set consisting of the t smallest elements
of A (if t=0,Ar= ¢, and if t >| A |, A; = A). Finally, we define
Zie@ai =0.

In Section 2 we study the trivial facets of P. In Section 3 we gen-
eralize Bienstock’s critical-set inequalities. In Section 4 we consider
the problem of lifting inequalities valid for P and we discuss lifted
surrogate constraints. In Section 5 we explain our separation heu-
ristics and lifting algorithm. In Section 6 we report the results of
our computational experience with instances of CCLP. In Section
7 we present conclusions and directions for further research.

2. Trivial inequalities

We call trivial the valid inequalities that are “easily” inferred by
the definition of P. In this section we provide necessary and suffi-
cient conditions for them to be facet-defining. We also give neces-
sary and sufficient conditions for P to be full-dimensional. The
proofs of the propositions of this section are simple, and therefore
omitted (see Kozyreff, 2014 for the proofs).

Proposition 1. The polytope P is full-dimensional iff the following
conditions hold:

K
> a>b (7
j=1
and
K-1
> a+ap >b. (8)

=1
Because the inequality description of a polyhedron is much sim-
pler when it is full-dimensional, we assume that:

Assumption 5. Conditions (7) and (8) hold.
Proposition 2. Inequality (5) defines a facet of P.

Proposition 3. Inequality (2) defines a facet of P, Vj > K. It is facet-
defining for j < K iff ¥ 'a; —a; > b and X ;a; — a; + a, > b.

If (2) is not facet-defining for some j < K, then, by the previous
proposition, at least one of the two conditions must fail. If
Zlf(z’ll a; — a; < b, then (5) forces every x; with i <j to be nonnega-
tive. If Zfz]ai —a;+a, < b, then x, > 0 forces every x; with i <j
to be positive.

Proposition 4. Inequality (3) defines a facet of P Vj < K. It is facet-

defining for K<j<n-1 iff Zl{i’llai +a;>b and ngﬁai +a;+
a, > b. Finally, it is facet-defining for j = n iff ij a;+ap > b and
5(:712(1,' +ap_1+ay, >b.
If (3) is not facet-defining for some j > K, then there exists a set
CcCN,|C|>2,suchthatje Cand Y, x; < 1is valid for P. We will

return to this in the next section, when we study critical-set
inequalities.

Proposition 5. The inequality
> X <K 9)
jeN

is valid for P. It defines a facet of P iff >/%'a; > b.

Example 1. Let S={x¢<]|0, 1}8 : 11x1 + 10x; + 9x3 + 8X4 + 5xs5 +
2Xg + 2x7 + 1xg > 21,and at most 3 variablesx;can be positive}.
Then P is full dimensional, x, > 0,...,xs > 0 define facets of P
(x; >0 does not), x;<1,...,x3<1 define facets of P
(x4 <1,...,xg <1 do not), and stzlxj < 3 is facet-defining for P.

Example 2. Let S={x¢€ [0,1]8 :11x1 +10x; + 8X3 + 7x4 + 6X5 + 5x6+
2x7 + 1xs > 23,and at most 4 variablesx;can be positive}. Then P is
full dimensional, both x; >0 and x; <1 define facets of P for all
je{1,...,8}, and Zf:]xj <4 is facet-defining for P.

3. Generalized critical-set inequalities

We now generalize Bienstock’s critical-set inequalities
(Bienstock, 1996), and we give necessary and sufficient conditions
for them to define facets of P.

Definition 1. (Bienstock (1996)) A set C C N is critical if V] c C
with | ] [= K, >5;qa; < b.

Definition 2. Letd € {2,...,K}. Aset C C N, with | C |> d, is d-crit-

ical if
> g+ a<b.
Jj€Cx-a JeCa

A d-critical set is maximal if Vj € C,C U {j} is not d-critical.

If Cis d-critical, then no more than d — 1 variables with index in
C can be positive. Thus,
> x<d-1 (10)
jeC
is valid for P. Note that if C is d-critical, then so is C. We call (10) a
generalized critical-set inequality. We now give necessary and suffi-

cient conditions for generalized critical-set inequalities to define
facets.

Proposition 6. Let Cc N be a maximal d-critical set, with
de{2,...,K}, and suppose that max(Cyx_q.1) < min(C). Then (10)
is facet-defining for P iff the following conditions hold:

() Xy &+ Xiec, — Gmin) = b
() Xt ., @ + 2iec, , & + Amaxic) = b
(iii) Z].EEHH 4+ > iec, & > b.

Proof. Suppose that (i)-(iii) hold. Since C is maximal, max(C) = n,
and (ii) implies that 37 @ +ai+>,., a=b for all
ieC\ Crgn.

Let y € (0,1) such that 37, = a;+ Qrax @y gV T 2ojecy G > b.
The following n points belong to P, are linearly independent, and
satisfy (10) at equality:

For ieCy:xi=1Vj€Cyan,Xi=1€Cy\{i}, and x=0
otherwise; for ieC\(y xi=1 Vj e Ck-a+1,% =1 VieCyz,Xxi=1,
and xI=0 otherwise; for ieCx_g.1:X=1VjeCx g1 \{i}.Xj=
1VjeCy1,x =y, and x=0 otherwise; for icC\Cg g1:X=1
Vj € Cx_a,Xi=1Vj€eCy_1,x =1, and x} =0 otherwise.

Suppose now that (10) is facet-defining for P. If (i) does not hold,
then Xpinc) = 1 for every feasible point satisfying (10) at equality.
If (ii) does not hold, then x, = O for every feasible point satisfying

(10) at equality. If (iii) does not hold, then every point satisfying
(10) at equality also satisfies (5) at equality. O
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