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Abstract

The aim of this paper is to propose a Fourier–Mellin moments transform, for color object recognition, based on the Clifford
algebra valued functions over R∗

+
× S1. We use these moments to construct descriptors that are invariant under rotation, scale

and translation transformations. Application of these invariants in color image recognition is emphasized. Experiment results
demonstrate the advantage of the proposed method compared to existing ones.
c⃝ 2014 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

reserved.
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1. Introduction

Moment methods are employed in image analysis and are used in objects recognition, but need to be invariants
under geometrical transformations. The first significant paper discussing the use of image moment invariants for
two dimensional pattern recognition was published by Hu [6]. However, the general problems to be considered
are that of processing three dimensional image directly without losing color information and achieving rotation,
scale and translation invariant object recognition. For this later, the Fourier–Mellin moments are a good tool, these
moments were first introduced in [2,8]. Many definitions for such moments using quaternions or Clifford algebras
were introduced in the literature. Recently, Guo and Zhu defined in [4] Fourier–Mellin transform moments for
color images, their approach is based on the use of the quaternion algebra. Since quaternions can be represented
by geometric algebra, we propose, in this paper, a new definition of Fourier–Mellin moments based on the Clifford
algebra (ClFMMs), using the traditional Fourier–Mellin transform and the Clifford Fourier transform introduced by
Batard [1]. Related to this context, a generalization in the Clifford algebras Cl(p, q), p + q = 2 is proposed also by
Hitzer in [5], the author uses a set of two real square roots of −1, f, g ∈ Cl(p, q), f 2

= g2
= −1.

We recall in Section 2 the usual definition of the Fourier transform using group actions, the Fourier–Mellin
transform and the Clifford Fourier transform. Then we introduce the Clifford Fourier–Mellin moments in Section 3 and

∗ Correspondence to: Université Mohamed 1er, Faculté des Sciences, Département de Maths. et Info., Bd Mohamed VI, B.P. 717, 60 000 Oujda,
Morocco. Tel.: +212 56500601, +212 56500602; fax: +212 56500603.

E-mail addresses: fadoua.bouyachcher@gmail.com (F. Bouyachcher), bbouali@fso.ump.ma (B. Bouali).

http://dx.doi.org/10.1016/j.matcom.2014.11.005
0378-4754/ c⃝ 2014 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.matcom.2014.11.005&domain=pdf
http://www.elsevier.com/locate/matcom
http://dx.doi.org/10.1016/j.matcom.2014.11.005
http://www.elsevier.com/locate/matcom
mailto:fadoua.bouyachcher@gmail.com
mailto:bbouali@fso.ump.ma
http://dx.doi.org/10.1016/j.matcom.2014.11.005


124 F. Bouyachcher et al. / Mathematics and Computers in Simulation 118 (2015) 123–129

we propose its application to color image recognition in Section 4. In Section 5, we give a conclusion and perspectives
for future research.

2. Preliminaries

2.1. Fourier transform and group actions

Let G be a locally compact abelian group and Ĝ its dual (the set of all irreducible and unitary representations of
G, that are in this case one-dimensional and called characters). The Fourier transform of a function f ∈ L2(G; C) is
defined on Ĝ by

f̂ (λ) =


G

f (x)ϕλ(x−1) dν(x), (1)

where ν is the Haar measure of G and ϕ is an irreducible and unitary representation of G. For more details see [3].
Applying this formula to the cases:

1. G = Rm then Ĝ = Rm and ϕλ(x) = ei⟨λ,x⟩

f̂ (λ) =


Rm

f (x)e−i⟨λ,x⟩ dx,

is a multi-dimensional Fourier transform.
2. G = S1 then Ĝ = Z and ϕn(x) = einx

f̂ (n) =


S1

f (θ)e−inθ dθ,

is the Fourier coefficient for a 2π periodic function.
3. G = R∗

+ then Ĝ = R and ϕα(x) = x iα

f̂ (λ) =


R∗

+

f (x)x−iα d(x)

x
=


R∗

+

f (x)x−iα−1 dx,

is the Mellin transform.

If f̌ belongs to L1(Ĝ, νĜ) then the inverse Fourier transform exists and it is defined by

f̌ (x) =


G

f̂ (λ)ϕλ(x) dνĜ(λ) (2)

where νĜ is the Plancherel measure of Ĝ and ϕλ is an irreducible and unitary representation of G.

2.2. Fourier–Mellin moments

The Fourier–Mellin transform is expressed in polar coordinates (r, θ), where r > 0 and θ ∈ S1 (S1 denotes the
unit circle in the plane R2) with the multiplication defined as {(r, θ) · (r ′, θ ′) = (r · r ′, θ + θ ′)}.

The direct similarity group R∗
+ × S1 (which is equivalent to the space of polar coordinates) is a locally compact

and abelian group. The Haar measure is dν(r, θ) =
dr
r dθ and the dual group of R∗

+ × S1 is R × Z. Hence, the
Fourier–Mellin transform is defined as follows

f̂ (k, v) =


+∞

0

 2π

0
f (r, θ)r−ive−ikθ dr

r
dθ. (3)

Let f be a function belonging to L2(R∗
+ × S1

; C), the Fourier–Mellin moments of f are defined as follows

Mk,v( f ) =


+∞

0

 2π

0
f (r, θ)rv−1e−ikθ drdθ. (4)

2.3. Clifford Fourier transform

A Clifford Fourier transform was proposed by Batard [1] using group actions. The idea was to generalize the usual
definition based on the characters of abelian groups, by considering group morphisms from R2 to Spin(4). These
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