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Abstract

We present and analyse in this article a mathematical question with a biological origin, the theoretical treatment of which may
have far-reaching implications in the practical treatment of cancers.

Starting from biological and clinical observations on cancer cells, tumour-bearing laboratory rodents, and patients with cancer,
we ask from a theoretical biology viewpoint questions that may be transcribed, using physiologically based modelling of cell
proliferation dynamics, into mathematical questions.

We then show how recent fluorescence-based image modelling techniques performed at the single cell level in proliferating cell
populations allow to identify model parameters and how this may be applied to investigate healthy and cancer cell populations.

Finally, we show how this modelling approach allows us to design original optimisation methods for anticancer therapeutics, in
particular chronotherapeutics, by controlling eigenvalues of the differential operators underlying the cell proliferation dynamics, in
tumour and in healthy cell populations. We propose a numerical algorithm to implement these principles.
© 2012 IMACS. Published by Elsevier B.V. All rights reserved.
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1.  Experimental  and  theoretical  motivations

Tissue proliferation in living organisms always relies on the cell division cycle: one cell becomes two after a sequence
of molecular events that is physiologically controlled at each step of the cycle at so-called checkpoints [63,71]. This
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process occurs in all renewing tissues, healthy or tumour, but in tumour tissues part of these control mechanisms are
inefficient, resulting in uncontrolled tissue growth which may be given as a definition of cancer.

At the initial local stages of cancer (i.e., still without more invasive processes involving tumour neoangiogenesis,
digestion of the extracellular matrix and metastases), deficiencies in the control of cell cycle checkpoints, e.g., involving
mutated protein p53, are the main factors responsible for this disrupted control of tissue growth.

The representation of the dynamics of the division cycle in proliferating cell proliferations by physiologically
structured partial differential equations (PDEs), which dates back to McKendrick [67], is a natural frame to model pro-
liferation in cell populations, healthy or tumour. Furthermore, the inclusion in such models of targets for its physiological
and pharmacological control allows to develop mathematical methods of their analysis and control [28].

1.1.  Circadian  clocks  and  tumour  growth

In the physiological control of the cell division cycle, the role of molecular circadian clocks, which exist in all
nucleated cells and are themselves under the control of a central hypothalamic neuronal clock, has been evidenced by
numerous animal experiments and is also supported by various clinical observations. These clocks, in the constitution of
which about 15 genes have been shown to take part, exert a rhythmic regulating control with a period of approximately
24 h (hence their name: circa  diem  = about one day) on hormonal, metabolic, behavioural and proliferative processes
[78,82]. The first of these genes to be discovered were the Per gene in the fruit fly Drosophila  Melanogaster  by
Konopka and Benzer in 1971 [53], and in mammals, the Clock gene by Takahashi in 1994 [88]. Their disruption may
impair all these physiological processes in an extended manner. It has been experimentally shown by transgenesis
experiments that Per2 knock-out transgenic mice are more prone to develop radiation-induced cancers than wild type
mice [41].

Similarly, in experiments performed by a totally different team, it has been shown that tumour-bearing mice submitted
to artificial strong perturbations of their circadian rhythms constantly exhibit accelerated tumour growth. In a series
of articles reporting these experimental observations on two groups of tumour-bearing laboratory rodents [39,40]
(the tumour was a fast growing murine tumour positioned in a subcutaneous, easily accessible, site), one with a
disrupted central circadian clock, the other with a physiologically light-entrained clock as a control group, this has been
demonstrated by comparing tumour growth curves. These observations were confirmed and supported by measurements
of clock gene expression by quantitative real time polymerase chain reaction (qRTPCR). Furthermore, it was shown
that in the disrupted clock group, a partial correction of this tumour growth enhancement was obtained by re-entraining
circadian clocks by controlled restricted feeding at fixed and unusual times for rodents (during daylight) [39], thus
opening the way to the idea that it could be possible to add an external control to reinforce these physiologically
controlled checkpoints when they are deficient.

It has also been observed in clinical settings that patients with cancer, whose circadian rhythms (rest/activity, blood
cortisol) were damped or ablated, showed clinically more fatigue and had poorer life prognosis. They also had higher
blood levels of cytokines [79], which are emitted by tumour cells, or by immune cells that surround tumours; at least
one of these cytokines, TGFα, has been experimentally shown, when directly infused in the cerebrospinal fluid of
mice (into the third ventricle), to severely disrupt their circadian rhythms, as evidenced on rest-activity and sleep-wake
cycles [54].

Whether or not circadian clocks play an essential role in controlling checkpoints of the cell division cycle remains to
be more documented, both experimentally, by performing measurements in cell cultures and in living whole organisms,
and theoretically, by using and analysing combined mathematical models of molecular circadian clocks and of the cell
division cycle in cell populations [28,31–33,35,36]. Nevertheless, we will develop here the concept of synchronisation
between phases of the division cycle in a proliferating cell population, to show that the less synchronised phases are
within a cell population (i.e., the looser are cell cycle phase transitions), the faster is proliferation measured by a
Malthus-like growth exponent, first eigenvalue of the theoretical tissue growth process.

Furthermore, since circadian clock proteins such as Bmal1 and Per2 have been shown to control cyclin dependent
kinases which themselves control in particular G1/S  and G2/M  phase transitions [65], it is not unlikely from a theoretical
biology point of view that circadian clocks control cell cycle phase synchronisation, and by this way, proliferation of the
cell population. Consistent with this speculation and the above mentioned experiments on cancer growth enhancement
by circadian clock disruption is the fact that in patients with cancer, the less expressed are physiological circadian
rhythms, e.g., of rest-activity or blood cortisol, the poorer is the prognosis and the response to cancer treatments [72].
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