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Abstract

In this paper new discrete quasi-interpolants on the real line are defined with good error constants for enough regular functions.
Some oversampling is permitted in order to have some freedom degrees and so a minimization problem is established. This problem
has always a solution that can be characterized in terms of the best uniform approximation by constant functions to some appropriate
splines. Some examples are given and the error is analyzed.
© 2007 IMACS. Published by Elsevier B.V. All rights reserved.

PACS: 41A05; 41A15; 65D05; 65D07

Keywords: B-splines; Discrete quasi-interpolants; Quasi-interpolation error; Chebyshev-type discrete quasi-interpolants

1. Introduction

Spline quasi-interpolation is a local method for constructing spline approximants to a function or discrete data
without solving any linear or non-linear systems, so it is a very interesting tool in practice as well as in establishing
theoretical results in spline analysis (see [7,8,6,9,14]).

A univariate spline discrete quasi-interpolant (dQI) of a given function f on the uniform partition hZ with spacing
h takes values f (jh), j ∈Z, to define an approximant Qhf of f which is a B-spline series

∑
i ∈Zλi(f (h·))M(ḣ − i),

where M is a B-spline on the uniform partition Z of the real line induced, and λi is a linear functional defined
by λi(g) :=∑j ∈ Jγjg(i − j) for some finite subset J ⊂ Z and real numbers γj . When J = {0} the Schoenberg’s
quasi-interpolation operator Sh is obtained. It is given by

Shf :=
∑
i ∈Z

f (hi)M(ḣ − i),

and it reproduces the space P1 of polynomials of the first degree. Other choices of J are needed in order to achieve the
exactness of the dQI on the space P(M) of the polynomials of maximal degree included in the space spanned by the
integer translates of M or in all the spline space (cf. e.g. [6,11]). As we are interested in the first case, let J be such
a subset. Since ||f − Qhf ||∞ ≤ (1 + ||Q||∞)dist(f,P(M)), with Q = Q1 (see e.g. [9, p. 144]), it is quite natural to
construct a Qh of a small infinity norm, thus a small constant for the quasi-interpolation error is obtained. This has
been done in [1–3,10], but that construction does not take into account the class of the function to be approximated,
so another method is required in order to define dQIs with good error constants. In this paper, we permit again some
oversampling, that is a J with #J ≥ #(Z ∩ suppM) and Z ∩ suppM ⊂ J , and we consider a more adequate expression
for the quasi-interpolation error. In Section 2, we motivate the construction of such dQIs and we recall the linear
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constraints on the coefficients of the linear forms to achieve the maximal exactness. In Section 3 the Chebyshev-type
dQIs are defined and characterized, and the existence of such dQIs is established. Finally, in Section 4 some examples
are given, and the corresponding errors are considered in Section 5.

2. Preliminaries

Let M := Mn be the B-spline of order n ≥ 3, with support [−n/2, n/2] (cf. e.g. [13,14]). Let us consider a dQI
Q := Qn = Qn,J

Qf =
∑
i ∈Z

⎛
⎝∑

j ∈ J

γjf (i − j)

⎞
⎠M(· − i), (1)

for some γj ∈R, j ∈ J , and its scaled quasi-interpolation operator Qh, h > 0. We recall that P(M) is the space Pn−1
of polynomials of degree at most n − 1. Let us suppose that Q (and then Qh) is exact on Pn−1. Taking into account
that n = 2ν or 2ν − 1 for some ν ≥ 2, can be verified that, for x ∈ [kh, (k + 1)h), k ∈Z, Qhf (x) is a sum of the values
f ((k − max J − ν + 1)h), . . ., f ((k − min J + ν)h). Therefore, the quasi-interpolation error f (x) − Qhf (x) is null on
Pn−1, and, for f ∈ Cn(R), the Peano’s Theorem (see e.g. [12, chapter 4]) gives

f (x) − Qhf (x) = 1

(n − 1)!

∫ (k−min J+ν)h

(k−max J−ν+1)h
Kh(x, t)f (n)(t) dt,

where Kh(x, t) = (x − t)n−1
+ − Qh[(· − t)n−1

+ ](x). Writing x = (k + ξ)h for some ξ ∈ [0, 1), we get

f (x) − Qhf (x) = hn

(n − 1)!

∫ − min J+ν

− max J−ν+1
K(ξ, τ)f (n)(h(k + τ)) dτ,

where

K(ξ, τ) = (ξ − τ)n−1
+ − Q[(· − τ)n−1

+ ](ξ).

Hence

|f (x) − Qhf (x)| ≤ hn

(n − 1)!
||f (n)||∞,Ih,J,k

∫ − min J+ν

− max J−ν+1
|K(ξ, τ)| dτ,

with Ih,J,k := [(k − max J − ν + 1)h, (k − min J + ν)h].
In order to obtain a quasi-interpolation error as small as possible, we construct Q to be a good approximation

of the Peano’s kernel K(ξ, τ). Denote el(ξ) := ξl, l ∈N ∪ {0}. For each fixed τ ∈ [− max J − ν + 1, − min J + ν], let
p∗(ξ) :=∑n+r

l=0 al(τ)el(ξ) be the best uniform approximation by polynomials of degree at most n + r, r ≥ 0 to (· − τ)n−1
+

on [0, 1], i.e.

||p∗ − (· − τ)n−1
+ ||∞,[0,1] = inf

p ∈Pn+r

max
ξ ∈ [0,1]

|p(ξ) − (ξ − τ)n−1
+ |.

Since Q is exact on Pn−1, we get Qp∗ =∑n−1
l=0 al(τ)el +∑n+r

l=n al(τ)Qel, whence

p∗ − Qp∗ =
n+r∑
l=n

al(τ)(el − Qel).

Thus,
∑n+r

l=n |al(τ)| ||el − Qel||∞,[0,1] approximates |K(·, τ)| and we proposed to construct Q by minimizing the errors
||el − Qel||∞,[0,1], n ≤ l ≤ n + r. When r = 0 only the error en − Qen appears in the above expression for the approxi-
mation of |K(·, τ)|, and so Q is determined by how well it approximates the first non-preserved monomial, en. Therefore,
we have a Chebyshev-type construction (and a Chebyshev-type result is obtained).

Since the exactness is a main property to be imposed to Q, we recall how the monomials are expressed as linear
combinations of the integer translates of M (see [4,5]).
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