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Abstract

In this paper, a novel, simple yet efficient method is proposed to approximately solve linear ordinary differential equations
(ODEs). Emphasis is put on second-order linear ODEs with variable coefficients. First, the ODE to be solved is transformed to
either a Volterra integral equation or a Fredholm integral equation, depending on whether initial or boundary conditions are given.
Then using Taylor’s expansion, two different approaches based on differentiation and integration methods are employed to reduce the
resulting integral equations to a system of linear equations for the unknown and its derivatives. By solving the system, approximate
solutions are determined. Moreover, an nth-order approximation is exact for a polynomial of degree less than or equal to n. This
method can readily be implemented by symbolic computation. Illustrative examples are given to demonstrate the efficiency and
high accuracy of the proposed method.
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Besides numerical approaches, some approximate methods such as the power series expansion method and the
perturbation technique are powerful tools for solving initial-value or boundary-value problems associated with ordinary
differential equations (ODEs) [2]. The power series expansion method is very suitable for a class of initial value
problems. As for the perturbation technique, it pertains only to a class of ODEs with small parameters. Apart from
these two methods, some new approaches have been formulated to solve initial-value or boundary-value problems
of ODEs, particularly for second-order linear ODEs with variable coefficients. For example, Holubec and Stauffer
employed the analytic continuation approach to determine an efficient solution of a linear ODE [6]. Killingbeck [8]
suggested a shooting method for solving a special second-order Schrödinger equation. Everitt et al. gave orthogonal
polynomial solutions of linear ODEs [5]. In addition, Coutsias et al. dealt with ODEs with rational function coefficients
through a spectral method [3]. Nevertheless, all of the above-mentioned methods express the solution to be determined
in terms of infinite series, which must be truncated as a sum of finite terms in practical implementation. On the other
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hand, by means of Taylor’s expansion and the Runge–Kutta approximation, Sarafyan derived a continuous approximate
solution of ODEs [12]. For a class of initial-value problems of ODEs with deviating arguments, Allinger and Henry
gave a method for finding best polynomial approximations [1]. Based on the differential transfer matrix method, an
analytical treatment of linear ODEs has been analyzed by Khorasani and Adibi [7].

In this paper, a novel, simple, efficient approach is proposed to determine approximate solutions of a linear ODE,
in particular for a second-order linear ODE. For such an equation under initial or boundary conditions, the equation
to be solved is transformed to either a Volterra integral equation or a Fredholm integral equation, depending on
appropriate conditions. Then using the Taylor’s expansion of the unknown function, the resulting integral equations
are further reduced to a system of linear equations for the unknown function and its derivatives through differentiation
and integration techniques. Finally, the accuracy of the given nth-order approximate solution is analyzed and several
examples are given to illustrate the effectiveness of the present method.

2. ODEs subject to initial conditions

Due to the significance of second-order linear ODEs in practice, in what follows we focus our attention to this class
of equations, for simplicity, i.e.

ϕ′′(x) + p(x)ϕ′(x) + q(x)ϕ(x) = g(x), (1)

where the variable coefficients p(x) and q(x) are known functions, satisfying p(x) ∈ C1(I), q(x) ∈ C(I), I being the
interval of interest, and the nonhomogeneous term g(x) is a known continuous function, g(x) ∈ C(I). For higher-order
linear ODEs with variable coefficients, the method is completely similar and omitted here.

We start with considering the second-order linear ODE (1) under initial conditions

ϕ(x0) = α0, (2)

ϕ′(x0) = α1, (3)

where x0 ∈ I, α0 and α1 are prescribed constants.
To solve the above equation, we first introduce some notation, namely

f(j)(x) = 1

(j − 1)!

∫ x

x0

(x − t)j−1f (t) dt, j ≥ 1, (4)

and

f(0)(x) = f (x). (5)

Furthermore, by using integration by parts, it is easily verified that the following equality∫ x

x0

(x − t)jp′(t) dt = j!p(j)(x) − p(x0) (x − x0)j , j ≥ 0, (6)

holds for p(x) ∈ C1(I).
Now we integrate both sides of Eq. (1) with respect to x from x0 to x. Using the given initial conditions and

performing integration by parts, we have

ϕ′(x) − α1 + p(x)ϕ(x) − p(x0)α0 +
∫ x

x0

[q(t) − p′(t)]ϕ(t) dt = g(1)(x). (7)

Furthermore, we continue to integrate both sides of Eq. (7) with respect to x from x0 to x, and get

ϕ(x) +
∫ x

x0

kv(x, t)ϕ(t) dt = f (x), (8)

where

kv(x, t) = p(t) + (x − t)[q(t) − p′(t)], (9)

f (x) = g(2)(x) + α0 + [α0p(x0) + α1](x − x0). (10)
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