
Available online at www.sciencedirect.com

Mathematics and Computers in Simulation 79 (2009) 3455–3465

Quadratic spline quasi-interpolants and collocation methods

Françoise Foucher a,∗, Paul Sablonnière b

a Laboratoire de Mathématiques Jean Leray, Ecole Centrale de Nantes, BP 92101, 44 321 Nantes cedex 3, France
b Centre de mathématiques, INSA de Rennes, CS 14315, 35 043 Rennes cedex, France

Received 30 January 2008; received in revised form 10 February 2009; accepted 9 April 2009
Available online 21 April 2009

Abstract

Univariate and multivariate quadratic spline quasi-interpolants provide interesting approximation formulas for derivatives of
approximated functions that can be very accurate at some points thanks to the superconvergence properties of these operators.
Moreover, they also give rise to good global approximations of derivatives on the whole domain of definition. From these results,
some collocation methods are deduced for the solution of ordinary or partial differential equations with boundary conditions. Their
convergence properties are illustrated and compared with finite difference methods on some numerical examples of elliptic boundary
value problems.
© 2009 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Univariate and multivariate spline quasi-interpolants (abbr. QIs) have been studied for several decades in approx-
imation theory (see e.g. [3a,c,1,8,9a,b,c,]). However, few studies have been devoted to their potential applications in
numerical analysis. Such a program has already been initiated in [7a,b] where some applications to the approximation
of derivatives have been developed. In this paper, we focus on approximations of first and second derivatives by those
of quadratic spline quasi-interpolants and their applications to collocation methods. Though it is possible to use spline
QIs of higher degrees and smoothness, we want to show that already simple C1 quadratic splines provide rather good
numerical methods.

Let I = [a, b] with the uniform partition Xn = {xi = a + ih, 0 ≤ i ≤ n} where h = (b − a)/n, and x−2 = a −
2h, x−1 = a − h, xn+1 = b + h, xn+2 = b + 2h. For 1 ≤ i ≤ n, let ti = (1/2)(xi−1 + xi), ui = ti − hr/6, vi = ti +
hr/6 (where r:=√

3), and let t0 = a, tn+1 = b, v0 = a, un+1 = b. Let J :={0, 1, . . . , n + 1}. On Tn:={ti, i ∈ J} we
define fi = f (ti), 0 ≤ i ≤ n + 1, and on the set of Gauss abscissas Gn:={v0; ui, vi, 1 ≤ i ≤ n; un+1}, we define f̃i =
f (ui), 1 ≤ i ≤ n + 1 and f̂i = f (vi), 0 ≤ i ≤ n. Quadratic B-splines {Bi, i ∈ J}, with supports [xi−2, xi+1] form a
basis of the n + 2-dimensional space S2(I,Xn) of C1 quadratic splines (see e.g. [3b,2,10]).
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In Section 2, we study the uniform quadratic spline quasi-interpolant (abbr. uniform QI) Q̄, and the Gauss quadratic
spline quasi-interpolant (abbr. Gauss QI) Q̃, respectively defined by

Q̄f =
∑
i ∈ J

λi(f )Bi and Q̃f =
∑
i ∈ J

μi(f )Bi,

where the coefficient functionals are given, for 2 ≤ i ≤ n − 1, by

λi(f ) = 1

8
(−fi−1 + 10fi − fi+1) and μi(f ) = α(f̃i + f̂i) + β(f̂i−1 + f̃i+1),

with α = (9 + r)/12 and β = −(3 + r)/12. For extreme indices, the functionals have specific forms (see Section 2
below). The uniform QI is based on the set Xn and the Gauss QI is based on the set Gn. The choice of coefficients
implies that the two QIs are exact on P2, i.e. Q̄ms = Q̃ms = ms for s = 0, 1, 2, with the notation ms(x):=xs. This can
be verified by using the B-spline representation of monomials. It implies in particular ([5], chapter 5), that the global
approximation error Qf − f on a smooth function f is O(h3).

However, we notice that Qf (a) = f (a), Qf (b) = f (b), Qf (xi) − f (xi) = O(h4), 1 ≤ i ≤ n − 1, and Qf (ti) −
f (ti) = O(h4), 1 ≤ i ≤ n, for both quasi-interpolants Q = Q̄ or Q̃. Therefore there is a superconvergence phenomenon
of these operators on the sets of points Xn and Tn. This phenomenon does not hold on Gn. On the other hand, in Section
3, we show that another superconvergence phenomenon takes place at Gaussian points for f irst derivatives, which
leads to an improvement of global approximation properties of these derivatives. Section 4 describes some derivation
matrices which are used in Section 5 in collocation methods for the solution of some univariate Dirichlet problems (see
e.g. [6a,b]). The numerical results show an improvement with respect to classical finite difference methods. Finally,
Sections 6 and 7 give some bivariate extensions of previous methods and an application to the Dirichlet problem for
the Laplace equation. Once again, the new method is better than finite difference methods for the Laplacian.

2. Univariate quadratic spline quasi-interpolants

2.1. Properties of the uniform quasi-interpolant

The specific coefficient functionals for extreme indices of the u niform quadratic spline quasi-interpolant Q̄f =∑
i ∈ Jλi(f )Bi are defined as follows:

λ0(f ):=12

5
f0 − 13

8
f1 + 1

4
f2 − 1

40
f3, λn+1(f ):=12

5
fn+1 − 13

8
fn + 1

4
fn−1 − 1

40
fn−2,

λ1(f ):= − 2

5
f0 + 13

8
f1 − 1

4
f2 + 1

40
f3, λn(f ):= − 2

5
fn+1 + 13

8
fn − 1

4
fn−1 + 1

40
fn−2.

We notice that Q̄f (a) = (λ0 + λ1)/2 = f0 = f (a) and Q̄f (b) = (λn + λn+1)/2 = fn+1 = f (b), therefore Q̄f inter-
polates f at the extreme points of I. This QI can also be written in the quasi-Lagrange form

Q̄f =
∑
j ∈ J

fjB̄j, with B̄j:=1

8
(−Bj−1 + 10Bj − Bj+1), 4 ≤ j ≤ n − 3.

The coefficients in the basis {Bi, i ∈ J} of the first and last four quasi-Lagrange functions are given in the following
table (with upper (resp. lower) indices for left (resp. right) functions).

i 0 1 2 3 4

B̄0 12/5 −2/5 0 0 0 B̄n+1

B̄1 −13/8 13/8 −1/8 0 0 B̄n

B̄2 1/4 −1/4 5/4 −1/8 0 B̄n−1

B̄3 −1/40 1/40 −1/8 5/4 −1/8 B̄n−2

n + 1 n n − 1 n − 2 n − 3 i

Proposition 1. The quasi-interpolant Q̄ is exact on the space P2 of quadratic polynomials, i.e. Q̄mr = mr for
r = 0, 1, 2. Moreover ‖Q̄‖∞ = 3/2.
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