
Operations Research Letters 43 (2015) 189–194

Contents lists available at ScienceDirect

Operations Research Letters

journal homepage: www.elsevier.com/locate/orl

On upper bounds for assortment optimization under the mixture of
multinomial logit models
Sumit Kunnumkal
Indian School of Business, Hyderabad, 500032, India

a r t i c l e i n f o

Article history:
Received 1 June 2014
Received in revised form
21 January 2015
Accepted 21 January 2015
Available online 4 February 2015

Keywords:
Assortment optimization
Customer choice
Multinomial logit
Upper bounds

a b s t r a c t

The assortment optimization problem under themixture of multinomial logit models is NP-complete and
there are different approximation methods to obtain upper bounds on the optimal expected revenue. In
this paper, we analytically compare the upper bounds obtained by the different approximation methods.
We propose a new, tractable approach to construct an upper bound on the optimal expected revenue and
show that it obtains the tightest bound among the existing tractable approaches in the literature to obtain
upper bounds.

© 2015 Elsevier B.V. All rights reserved.

Assortment optimization has important applications in retail-
ing and revenue management and has received much attention
lately. In the assortment problem, we have a firm that is inter-
ested in maximizing revenues by selling products to customers,
where eachproduct has a revenue associatedwith it and customers
choose among the offered products according to a given discrete
choice model. The goal therefore is to figure out the set of prod-
ucts, or the assortment, that maximizes the expected revenue ob-
tained from a customer. While there are a large number of discrete
choice models that can be used to describe customer choice be-
havior, the multinomial logit model and its variants have been a
popular choice in the assortment optimization literature.

In this paper, we consider the assortment problemunder amix-
ture of multinomial logit models. In this model, we have multiple
customers segments and an arriving customer belongs to a par-
ticular segment with a given probability and chooses among the
offered products according to the multinomial logit model. The
parameters of the multinomial logit model are allowed to depend
on the segment to which the customer belongs.

The assortment optimization problem under the mixture of
multinomial logit models is NP-complete; see [1,8]. On the other
hand, [6] shows that the mixture of multinomial logits is a rich
choice model that can approximate any random utility choice
model arbitrarily closely. So there has been considerable interest
in the assortment problem under the mixture of multinomial logit
models and there is a growing literature that focuses on developing
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approximation methods that generate assortments with provable
performance guarantees; see for example [8,7].

Another interesting research direction is to obtain upper
bounds on the optimal assortment revenue, since upper bounds are
useful in getting a better handle on the revenue performance gaps
of the candidate assortments obtained by the different approxima-
tion methods. [1] formulates the assortment problem under the
mixture of multinomial logit models as a linear mixed integer pro-
gram, the linear programming relaxation of which gives an upper
bound on the optimal expected revenue. [2] proposes a Lagrangian
relaxation approachwhere they relax the constraints that the same
assortment be offered to the different customer segments by asso-
ciating Lagrange multipliers with them. While the Lagrangian re-
laxation approach obtains an upper bound, solving it turns out to
be intractable. Therefore the authors propose a further approxima-
tion that is based on solving a continuous knapsack problem over
a discrete set of grid points. They show that this approximation
method is tractable and continues to provide an upper bound on
the optimal expected revenue. One difficulty with the approxima-
tion method proposed in [2] is that the quality of the upper bound
depends on the density of the grid, which makes it challenging to
establish analytical results.

In this paper, we focus on solution methods to obtain upper
bounds on the optimal expected revenue for the assortment
problem under the mixture of multinomial logit models. We first
provide a partial characterization of the optimal assortment. In
particular, we show that an optimal assortment includes a certain
revenue ordered subset of the products, and this subset can be
obtained efficiently. This structure can be potentially exploited to
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speed up the solution methods by reducing the size of the search
space. We then analytically compare the upper bounds obtained
by the different solution methods in the literature. We show that
the Lagrangian relaxation approach obtains the tightest bound
among the available approaches to obtain upper bounds. However,
since the Lagrangian relaxation is NP-complete, we propose a new,
alternative approach to obtain an upper bound on the optimal
expected revenue. Our approach builds on the ideas developed
in [2,5]. The Lagrangian relaxation approach in [2] decomposes
the assortment problem involving multiple customer segments
into a number of single segment problems where there is a fixed
cost of introducing a product into the assortment. [5] studies
the assortment problem under the multinomial logit model when
there is a fixed cost of introducing a product into the assortment
and propose tractable solution methods. While our approach is a
simple adaptation of the ideas developed in the above mentioned
papers, it yields a solution method that is tractable and provably
tighter than the other tractable approaches in the literature to
obtain upper bounds on the optimal expected revenue.

In summary, wemake the following contributions in this paper.
(1) We provide a partial characterization of the solution to the as-
sortment problem under the mixture of multinomial logit models.
(2)We analytically compare the differentmethods proposed in the
literature to obtain upper bounds on the optimal expected revenue.
We show that the Lagrangian relaxation approach proposed in [2]
obtains the tightest upper bound. However, the Lagrangian relax-
ation cannot be solved efficiently. (3) We propose a new approach
to obtain an upper bound that remains tractable. The bound ob-
tained by our approach is provably tighter than the other tractable
solution methods in the literature to obtain upper bounds. More-
over, in contrast to [2], our solutionmethod does not require a dis-
crete set of grid points and thus reduces some of the subjectivity
involved in choosing a discretization scheme. (4) Computational
experiments indicate that our approach can be beneficial both in
terms of tighter bounds and faster run times.

The rest of the paper is organized as follows. In Section 1, we
describe the assortment problem under the mixture of multino-
mial logit models. In Section 2, we describe the solution methods
proposed in the literature to obtain upper bounds on the optimal
expected revenue. We analytically compare the upper bounds ob-
tained by the proposed methods in Section 3. In Section 4, we de-
scribe our solution approach and show that it obtains the tightest
bound among the tractable solution methods in the literature to
obtain upper bounds on the optimal expected revenue. Section 5
presents our computational experiments.

1. Problem formulation

We consider the assortment optimization problem under the
mixture of multinomial logit models. We have N products and the
revenue associated with product j ∈ {1, . . . ,N} is pj. We let xj ∈

{0, 1} denote whether we offer product j. We have L customer seg-
ments interested in purchasing a product from the offered assort-
ment. The preference weight for customer segment l ∈ {1, . . . , L}
for product j is vl

j , while the preference weight associated with a
segment l customer not purchasing anything is normalized to be 1.
Within each segment, choice is governed by the multinomial logit
model and so the probability that a segment l customer purchases
product j is vl

jxj/(1 +


k vl
kxk). We let αl denote the arrival rate

of customer segment l. The assortment problem is to decide which
products tomake available to an arriving customer in order tomax-
imize the expected total revenue. The optimal assortment can be
obtained by solving the problem

ZOPT
= max

x|xj∈{0,1}


l

αl


j
pjvl

jxj
j

vl
jxj + 1

. (1)

Solving assortment problem (1) and obtaining the optimal ex-
pected revenue is intractable; see [1,8]. Therefore, it is unlikely that
we can provide a complete characterization of the optimal solution
to problem (1). However, Lemma 1 below provides a partial char-
acterization of the structure of an optimal solution.

We begin with some preliminaries. Assume without loss of
generality that the products are indexed in order of decreasing
revenues so that p1 ≥ p2 ≥ · · · ≥ pN , and consider the assortment
problem involving customer segment l alone

max
xl|xlj∈{0,1}


j
pjvl

jx
l
j

j
vl
jx

l
j + 1

. (2)

It is known that revenue ordered assortments are optimal for
problem (2); see for example [4]. That is, there exists an optimal
solution x̂l = {x̂lj|∀j} to problem (2) with x̂lj = 1 for j ∈ {1, . . . , ȷl}
and x̂lj = 0 for j ∈ {ȷl + 1, . . . ,N}, where ȷl ∈ {1, . . . ,N}. We have
the following lemma.

Lemma 1. Let ȷ̂ = minl{ȷl}. There exists an optimal solution x̂ =

{x̂j|∀j} to problem (1) with x̂j = 1 for j ∈ {1, . . . , ȷ̂}.

Proof. Suppose that the statement of the lemma is false. Let x̂ be
an optimal solution to problem (1) and let κ ∈ {1, . . . , ȷ̂} be the
smallest index such that x̂κ = 0. We let x̃ = {x̃j|∀j} be the same as
x̂ except that x̃κ = 1. We show below that the solution x̃ generates
as much revenue as x̂, and is therefore also optimal.

Let S = {1, . . . ,N} \ {κ} and T = {1, . . . , κ − 1}. Fix a segment
l and note that
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. (3)

Since κ ∈ {1, . . . , ȷ} and ȷ≤ ȷl, it follows that T ( {1, . . . , ȷl}, the
optimal revenue ordered assortment for segment l. Lemma 2 in [4]

then implies that


j∈T pjvlj x̂j
j∈T vlj x̂j+1

≤


j∈T pjvlj x̂j+pκvlκ
j∈T vlj x̂j+vlκ+1

. This together with

Lemma 3.1 in [9] implies that pκ ≥


j∈T pjvlj x̂j
j∈T vlj x̂j+1

. On the other hand,

since the products are revenue ordered, pκ ≥ pj for all j ∈ S \T and

we have pκ ≥
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. The above statements together with (3)

imply that
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≤ pκ . (4)

Now consider the difference in the expected revenues from
segment l under x̃ and x̂. We have
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