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1. Introduction

In any cooperative situation, the division of joint costs is a crit-
ical issue. The core of a cooperative game contains allocations that
provide players with sufficient incentives to remain in the grand
coalition. In general, finding an allocation in the core and testing
the core-membership of a given allocation are computationally dif-
ficult problems as they involve dealing with a number of inequal-
ities which grow exponentially in the number of players. In linear
production games [4], every solution to the corresponding dual lin-
ear program yields an allocation in the core thus core allocations
can be found in polynomial time [6]. Although testing the member-
ship of a given allocation to the core for this class of games is gener-
ally co-NP-complete [2], in some cases, e.g. flow games on simple
networks [3], dual solutions obtain all allocations in the core. This
note addresses the possibilities/impossibilities of a complete char-
acterization of the core via dual solutions in lane covering games.

The lane covering game (LCG), introduced by Ozener and Ergun
[5], can be represented as an instance of linear production games
where players cooperate to reduce the cost of cycles that cover
their required lanes. Consider a collection of locations and the net-
work of roads in between. There are several shippers who provide
truckload deliveries between pairs of locations. After fulfilling its
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planned deliveries across required lanes, every shipper must re-
turn to its starting location (repositioning). By collaboration, ship-
pers can reduce the total repositioning cost needed for fulfilling
their consolidated deliveries. Ozener and Ergun [5] show that if
eachrequired lane is considered to be a single player, the dual solu-
tions completely characterize the core of corresponding game. We
extend and complete this result by allowing shippers to be the ac-
tual players. Each shipper might have several service requirements
(across one or multiple lanes). We specify the situations in which
the core can or cannot be completely characterized by dual solu-
tions. The main contribution of this note is to prove that a complete
characterization of the core via duals is possible if every shipper
has at most one service requirement. We also provide examples of
LCGs where such a complete characterization fails.

2. Cooperative cost games and core

Consider a set P of distinct players. A cooperative cost game is
a pair (P,z) with z : 2’ — R being the coalition function that
assigns to every coalition S C P the cost z(S). A critical problem in
cooperative cost games is finding appropriate allocations.

An allocation 8 = (B¥)iep is a vector containing a real number
for every player in P. The core of the game (P, z) is the set of all
allocations B such that

> B =2z(p) 1)
keP
and
Y B=z5). vscP. 2)
keS
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Allocations that satisfy the equality in (1) are called efficient. The
efficiency condition requires that allocations divide the entire cost
of the grand coalition among the players. Allocations that satisfy
the collection of inequalities in (2) are called stable. The stability
condition mandates that the total allocation to any group of players
does not exceed the cost of their corresponding coalition. The core
contains all efficient and stable allocations.

3. Lane covering situations and games

Consider a geographical region including a number of locations
and the interconnecting roads among them. A number of indepen-
dent shippers operate in this region. In a given planning period,
each shipper has a certain number of orders for providing service
across pairs of locations. An example of such service is the trans-
portation of full-truck cargo that, in its simplest form, requires a
shipper to utilize a vehicle in order to pickup cargo at one location
and drop it off at another location. The vehicles utilized by the ship-
pers are stationed in designated locations (depots) and must return
to their designated locations after completing their scheduled de-
liveries. Therefore, required services must be fulfilled via cycles. In
order to construct service cycles, the vehicles may have to travel
in between locations which do not require service (repositioning
movements).

To formalize the above situation, consider the complete di-
rected graph G = (N, A) where N is a finite set of nodes repre-
senting the spatial locations and A = {ij|i,j € N, i # j} is the set of
ordered lanes representing the network of roads. The service cost
vector ¢ = (Cjj)ijea gives the non-negative costs of providing ser-
vice across the lanes. Traversing lane ij without providing service
would cost f¢;; with 0 < 6 < 1. A set of shippers (players) P oper-
ate on G. A given player k € P has an individual requirement vector
r* = (r})jiea Where rif € N U {0} is the number of service require-
ments of k along the lane ij. For example, ri’; = 2 implies that player
k must provide service across lane ij twice. A player kis called a sim-
ple shipper if ZijeA ri’]" = 1.Thatis, a simple shipper has a single ser-
vice requirement. We define a lane covering situation as the tuple

I'=(Gc,0,P,()yep).

Cooperation among the shippers enables them to take advan-
tage of the potential synergies in their requirements and minimize
their joint repositioning costs. However, the shippers have to de-
cide on the allocation of overall costs as well. To address this issue,
we construct and analyze cooperative cost games associated with
lane covering situations.

The lane covering game (LCG) associated with the situation I" isa
cooperative cost game (P, z'') where z' (S) is the minimum cost of
covering the service requirements of coalition S C P via cycles. The
requirements of coalition S are the sum of the requirements of its
individual members, i.e.rs = Zkes k. For anyS C P, z''(S) canbe
obtained through an integer linear program. Let x; and w;; denote
the number of times that lane ij is traversed with and without
service respectively. We have

Model 1: ZF(S) — min Z CijXij + GCUwU (3)
ijeA
st. Y xj—Xi+twj—wi=0 VieN @)
JEN\{i}
Xjj > T{; Vije A (5)
xj, wij € NU {0} Vij € A. (6)

The flow conservation constraints in (4) guarantee that require-
ments are fulfilled in cycles and constraints in (5) ensure that all
requirements of coalition S are met. We denote an optimal solu-
tion for the above problem with (x3; w3)jea.
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Fig. 1. The network in Example 1.

Model 1 corresponds to a minimum-cost circulation problem
with its constraints forming a totally unimodular matrix [6]. Thus
with integer requirement vectors, the linear relaxation of Model 1
does not affect the optimal solution.

The dual associated with the linear relaxation of Model 1 for the
grand coalition P is

Model 2: d" = max ) 1/l (7)
ijel

st.lj+yi—yi<c VijeA (8)

Yi—yi<0c; VieA 9)

;>0 VijeA (10)

where L = {ij|r; > 0} is the set of required lanes in situation I".
LetI" = (If )jjca be an optimal solution to d"". For a required lane

ij €L, Iif gives the shadow price that determines the amount of
decrease in z' (P) resulting from reducing r,-f by one. We denote
the set of all solutions to d”” with I”.

4. Dual allocations

Owen [4] introduces the class of linear production games and
shows that an allocation in the core of these games can be obtained
from a solution to the dual problem. As discussed in Ozener and Er-
gun [5], the game (P, z”') with z”' (S) defined by the LP-relaxation
of Model 1 for every S C P is an instance of the class of linear pro-
duction games. Accordingly, an allocation in the core of (P, z”') can
be obtained from a dual solution in the following manner:

Kk kI
=2 _nilj,

ijjel

Vk € P. (11)

Thus, in LCGs every dual solution obtains an allocation in the core.
The question concerning a complete characterization of core via
dual solutions addresses the reverse of the latter, i.e. does every
core allocation correspond to a dual solution?

5. LCGs with general shippers

In this section we show that a complete characterization of
the core via duals is not possible if some players have multiple
service requirements (general shippers). The following example
shows that this is the case even if every lane requires service at
most once.

Example 1. Consider the lane covering situation associated with
the graph in Fig. 1. The service costs across lanes with opposite di-
rections are symmetric and are given in the figure. We let 6 = 1.
Consider two players P = {A, B} with player A requiring service on
lanes 12 and 13, and player B requiring service along the lane 41.
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