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1. Introduction

In options pricing, the jump-diffusion model is a popular exten-
sion from the diffusion model for the underlying stock price pro-
cess. Earlier work can be dated back to Merton’s classical model [7],
and there have been a few variations proposed more recently, such
as [1,5,6]. In these models, the risk-neutral dynamics of the stock
price S; is assumed to follow
dS;

5 = (r—g—2kde +odW, +d, (1)
t

where r, q are risk-free rate and dividend yield, W; is a Brownian
motion, J; = ZJIL(?(YJ — 1) is a compound Poisson process with
i.i.d. random jump ratio Y; and k = E[Y;] — 1 is the mean jump size.
The Poisson process N (t) with jump arrival rate A records the num-
ber of jumps happening in the time interval [0, t]. The stock price

02
at time t can also expressed as S; = Spe'" 9~ 7 Mt WX \yhere
X = Z]N:(? InY; is another compound Poisson process (as opposed
toJ;). The variations in the above-mentioned studies differ in their

assumptions on the distribution of InY;. For example, in Merton’s
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model [7], In Y] follows a normal distribution. In the model consid-
ered by Amin [1] and Gukhal [5], In Y; follows a bivariate distribu-
tion meaning that it is either 4§ or —§. Kou [6] proposed to assume
thatIn Y; follows a double exponential distribution to reflect its lep-
tokurtic feature. In these main stream jump-diffusion models, the
jump process J; or X; is time homogeneous and has no serial corre-
lation because both the underlying Poisson process and the jump
size distribution are time homogeneous (with a fixed arrival rate A
and a fixed distribution in In Y;).

In view of this lack, this paper intends to consider an extension
of the bivariate jump-diffusion (BJD) model of [1,5] such that the
jump process is serially correlated. The serial correlation is intro-
duced by assuming that it is less likely for the process to see the
next jump going toward the same direction as the previous jump.
If a positive (negative) jump has happened, then the probability of
seeing a further positive (negative) jump will become smaller. This
is motivated by the empirical observations that markets tend to
overreact to unexpected events and the effect from a jump-causing
event tends to become weaker as time goes by (see the empirical
studies such as [3,2,4]). This makes the probability of seeing a se-
quence of positive (negative) jumps smaller than the correspond-
ing probability in a time homogeneous model where the successive
jumps follow i.i.d. distributions.

To this end, we construct a model termed mean-reverting bi-
variate jump-diffusion (MR-BJD) model which nests the BJD model
as a special case. The mean-reverting property can be seen in the
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jump accumulation process X; in that it tends to be pulled back
to its mean value when it moves away. We investigate the mathe-
matical properties of the jump accumulation process in the MR-B]D
model, and link it to the discrete OU process [8] so that we may use
the results of the latter process to conduct our analysis.

The analysis of the jump accumulation process X; yields some
analytical results that are useful in the subsequent derivations of
the option pricing formulas for the proposed MR-BJD model. These
formulas are obtained in analytical form which makes their calcu-
lations a simple task. To incorporate more general jump size dis-
tribution, we consider an extended version of the MR-BJD model,
termed the MR-BN]JD model, and provide its full analysis. A series of
numerical examples are provided to examine the effects from the
mean-reverting property on the risk-neutral distributions, option
prices and hedging parameters. In addition, our numerical exam-
ples also demonstrate how the mean-reversion in jumps affects the
shape of volatility smiles.

2. Modeling mean-reverting bivariate jumps

In this section we generalize the bivariate jump-diffusion (B]D)
model such that the jumps are serially correlated with a mean-
reverting structure. In the original BJD model as proposed in [1,5],
the successive jump sizes are assumed to follow a bivariate distri-
bution as below

Iy — 468, with probability p,
Mi=1-s, with probability 1 — p.

The mean jump size (mean return caused by a jump)is k = E[Y] —
1 = pe® + (1 — p)e~® — 1. The compound Poisson process X; =
Zf’:(? In Y; measures the accumulated contribution from the jumps
occurring up to time t. Clearly, X; takes values from {. .., —2§, —4,
0, +6, +24, .. .}. The characteristic function of X; can be obtained
casily as E[ei®Xi] = Mlpe®+(1-pe™—1]

With k defined above, it is not difficult to check that in the fol-
lowing BJD model

(r—q— %)[—)\.k[-FUW[-FX[
St = Soe s (2)

the martingale condition E[S;] = Soe" 9! holds and this ensures
the absence of arbitrage (since E[eXt] = e**). The call option price
can be obtained by the conditioning technique (conditional on N (t)
and the number of up jumps; see [1,5]) as

Cyp = Z Z [6_“% (?)Pi(l —p"

n=0 i=0
x Cps(Soe M@0 K 1 g, 0, t)] , (3)

where Cgs(So, K, 1,q,0,t) = Sge ¥N(d;) — Ke™""N(dy),d; =

So a
I()Hifﬁﬁ 4 —di—o
call option price.

In this BJD model, since {InY;} is an i.i.d. random sequence, the
jump accumulation process X; is actually an asymmetric random
walk. In the MR-BJD model, we intend to introduce serial cor-
relation to {InY;} in order to reflect the decaying momentum of
successive jumps. Suppose that the jth jump is an up jump with
probability p and a down jump with probability 1 — p. The prob-
ability of seeing an up or down jump in the (j + 1)-th jump is no
longer the same, but depends on the outcome of the jth jump in
the following way:

If InY; = £4, then

t is the Black-Scholes formula for

InYo, = 448, with probability p F §; A
MYj+1 =15, with probability 1 — p + &. (4)

In other words, if the jth jump turns out to be an up (down) jump,
then the probability of seeing a further up (down) jump will be
decreased by &. It is clear that, with the above type of serial corre-
lation, the jump accumulation process X; tends to be pulled back
toward a central (mean) value when it goes far away. The MR-BJD
model is the stock price model (2) where X; has such type of mean-
reverting property, and the additional parameter £ measures the
strength of mean-reversion.

We now provide an analysis on the jump accumulation process
X; because it serves as the basis of the MR-BJD model. Let p° be
the starting up jump probability (the first jump will be an up jump
with probability p*). Apparently, the successive up jump probabil-
ities will be p = p° 4 i§ where i is an integer. For convenience, we
assume the up and down jump probabilities take values from the
following (identical) sets
up jump probabilityp € {1,1—-£&,...,0.5,..., &, 0},
down jump probability 1 —p € {0, &,...,0.5,...,1—§&, 1},
and p® belongs to these sets. Note that 1 and 0 also belong to these
sets, and this ensures the legitimacy of the model (avoid yielding a
negative or greater-than-one probability). These up (down) jump
probabilities form a decreasing (increasing) arithmetic sequence,
starting with 1 (0) and ending with O (1). In addition, 0.5 also be-
longs to these sets so that there is a case where up and down jumps
are equally likely to happen.

Let the up probability takes a general form (£ is the index of the
2m + 1 values)

pe=1—4¢&, €=0,...,2m,
where & = ﬁ The starting probability p° is one of them, i.e. p* =

1—£& for some £. The jump accumulation process X; = ZJN:(? InY;
is then a process of finite states taking values from X = {xo, ...,

Xm, oo, Xom} ={0 —mé,...,0,...,0 +mé},or
Xx=0—-(m-—4¢35, €£=0,...,2m.

The central state value 0 is the mean value of X corresponding to
the case where p = 1 — p = 0.5. Note that x, = 0 for some £
because X, starts with X, = 0 € X. Each time when a jump hap-
pens, X; moves up or down by §. One significant difference from the
BJD case is that the domain of the X; in BJD is unbounded (infinite
states) but the domain of the X; in MR-BJD is bounded (finite states,
because the probability of jumping beyond [xg, Xo,] is zero). This
can also be seen from the number of states 2m+1 = 1 4+1 — ooas
& — 0. The mean-reverting property is observed from the greater
probabilities of pulling X; back toward 6 when it moves farther
away from it.

Fig. 1 shows two possible scenarios of the process X;. We see
that & represents the strength of mean-reversion. Starting with
the same probability set (p°, 1 — p°) = (0.6, 0.4), (a) shows the
stronger mean-reversion case with & = 0.1 while (b) shows the
relatively weaker case with £ = 0.05. The mean value 6 depends
on & by the following formula

(p° —0.5)¢

§
which equals § in (a) and 26 in (b).

Note that the jump accumulation process X; is a continuous-
time Markov chain (CTMC). At each state value x, € X, it may ei-
ther jump up to state x,1 with a transition rate u, or jump down
to state x,_; with rate d,. Because the jumps are driven by the Pois-
son process N (t) whose arrival rate is A, the up and down transition
rates for X; = x, are given by

U =xrpe =A(1—4£§),  de=2r(1—pe) =Ar(L8). (5)
The process X; with parameter set (X, 8, p°, &) is now well defined
as a CTMC.

It is worth discussing the analogue relation between the CTMC
X; and its corresponding diffusion process X;. In the original B]D
case, the jump accumulation process X; has a fixed tendency to

0 =
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