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a b s t r a c t

The paper provides nonparametric test procedures for comparing K (>2) unknown uni-
variate populations, in which the tests are formulated by using consistent estimators of the
ridit reliability functionals (see, for example, Bandyopadhyay and De, 2011) for comparing
more than two populations. The tests are asymptotically distribution free and can be used
for data on both discrete and continuous random variables. An extensive numerical study
is performed to compare the proposed test with the nonparametric tests, obtained from
Konietschke et al. (2012), in terms of type I error rate and power. A data study illustrates
the use of such tests.

© 2015 The Korean Statistical Society. Published by Elsevier B.V. All rights reserved.

1. Introduction

There is an extensive literature on the analysis of data corresponding to two or more independent samples (see, for
example, Camblor & Alvarev, 2009; Nishiyama, 2011; Zhang, 2006; Zhang & Wu, 2007). The present work is related to
nonparametric approachwithout assuming that the underlying distribution functions are continuous. Under nonparametric
approach, the test by Brunner and Munzel (2000) is framed through the ridit reliability functional (see, for example, Beder
& Heim, 1990)

τ = P(X1 < X2)+
1
2
P(X1 = X2),

where the randomvariablesX1 andX2 have the common support on the real line and are distributed independently according
to the distribution functions F1 and F2, respectively. The interpretation of τ as a ridit reliability functional is as follows: The
subjects under F2 will be called more (or less) reliable than the subjects under F1 if P(X1 < X2) > (or <)P(X1 > X2), which,
after simplification, is equivalent to τ > (or <) 12 . Furthermore, subjects under F2 will be considered as reliable as that
under F1 if τ =

1
2 . Now the quantity τ can be expressed as

τ =

 
P(X1 < x)+

1
2
P(X1 = x)


dF2(x),

in which the quantity

P(X1 < x)+
1
2
P(X1 = x)
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can be interpreted as the ridit score for F1 at the realized value x in the sample space. Thus τ represents the average ridit of
F1 relative to F2, and hence defined as the ridit reliability functional. The use of such functional can be found in the following
classical testing problems:

(i) Let Xk have normal distribution with unknown mean (µk) and unknown variance (σ 2
k ), k = 1, 2. Then, writing Φ(.)

as the distribution function of the standard normal variable, it is not difficult to get

τ = P(X1 < X2) = Φ

 µ2 − µ1
σ 2
1 + σ 2

2

 .

(ii) Let Xk follow Bernoulli distribution with unknown mean (µk), 0 < µk < 1, k = 1, 2. Then

τ =
1
2

+
1
2
(µ2 − µ1).

(iii) Let Xk follow geometric distribution with unknown mean (µ−1
k ), 0 < µk < ∞, k = 1, 2. Then, a simple algebraic

manipulation yields

τ =
1
2

+
1
2

(µ2 − µ1)

(µ1 + µ2 + µ1µ2)
.

In all the above situations, it can be seen that

τ R
1
2
as µ2 R µ1.

Furthermore, the works by Bandyopadhyay and Biswas (2001) and Bandyopadhyay and De (2007) provide applications on
τ in sequential design. In addition to the parametric models (i)–(iii), it is possible to get τ =

1
2 when F1 and F2 are both

continuous with F1 = F2 or with F2(x) = F1( x
σ
), σ > 0 and F1(x) = F1(−x) for all x. Specifically, when F1 and F2 are both

continuous, τ becomes Mann–Whitney functional. With this background, the K -sample homogeneity problem is revisited
and some nonparametric tests are formulated using a set of K functionals that generalizes τ .

A kind of generalization of τ corresponding to K -sample Behrens–Fisher problem is given by the set of functionals (see
Akritas, Arnold, & Brunner, 1997; Brunner & Puri, 2001; Konietschke, Hothorn, & Brunner, 2012)

τk = P(XG < Xk)+
1
2
P(XG = Xk), k = 1, 2, . . . , K , (1.1)

where Xk ∼ Fk, k = 1, 2, . . . , K independently and XG ∼ G =
K

k=1wkFk, 0 ≤ wk ≤ 1, k = 1, 2, . . . , K with
K

k=1wk = 1.
For K -sample location problem, the use of alternative hypothesis dependent single ridit reliability functional can be found
in the work of Terpstra and Magel (2003). For example, the functional with K variables X1, X2, . . . , XK

P(X1 ≤ X2 ≤ · · · ≤ XK with strict inequality for at least one pair)

is used for ordered relation of K locations. In the present work, τ is generalized in the line of Bandyopadhyay and De (2011),
where a set of ridit reliability functionals is used to compare Bernoulli success probabilities. Such functionals are considered
to construct some tests for general set up.

The content of the paper is as follows. The set up and the homogeneity hypothesis are described in Section 2. Section 3
contains the proposed asymptotically distribution free (ADF) tests. Section 4 provides simulated values of type I error rate
and power for various test procedures, proposed and competitors. A data study to illustrate the use of the different test
procedures is given in Section 5. The paper concludes in Section 6, followed by some technical details in the Appendices.

2. Setup and hypothesis

Consider a set of K independent samples, in which the kth sample corresponds to the random variable Xk having the
distribution function Fk, k = 1, 2, . . . , K . The samples are denoted by

Xk : Xk1, Xk2, . . . , Xknk , k = 1, 2, . . . , K .

The object of the present work is to formulate nonparametric procedures for testing the null hypothesis H0:

F1 = F2 =

· · · = FK

against an alternative Ha without assuming that Fk is continuous, k = 1, 2, . . . , K . The problem is known as

nonparametric K -sample homogeneity problem. As mentioned earlier, the reliability functionals (see Bandyopadhyay & De,
2011), given by

Rk = P[Xk > max(Xm,m = 1, 2, . . . , K ;m ≠ k)]

+
1
2


1≤k1≤K ,k1≠k

P[Xk = Xk1 > max(Xm,m = 1, 2, . . . , K ;m ≠ k, k1)]
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