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1. Introduction

Studies on regression diagnostics continued for more than 30 years since Cook (1977), and they focused on most of the
existing statistical models with few exceptions. Good references in the linear regression diagnostics are Cook and Weisberg
(1980), Belsley, Kuh, and Welsch (1980), and Chatterjee and Hadi (1986) among others. Also, Cook and Wang (1983), Hinkley
and Wang (1988), Tsai and Wu (1990), and Kim, Storer, and Jeong (1996) developed diagnostic methods in the Box-Cox
transformation model (Box & Cox, 1964 ). Walker and Birch (1990) derived influence measures in the ridge regression (Hoerl
& Kennard, 1970). In the spline smoothing model, Eubank (1985), Silverman (1986), and Kim (1996) suggested a version of
Cook’s distance. Kim, Lee, and Park (2001) defined Cook’s distance in the local polynomial regression, and Fung, Zhu, Wei,
and He (2002) and Kim, Park, and Kim (2002) studied influence diagnostics in the semiparametric model. Recently, Bae,
Hwang, and Kim (2008) developed diagnostic issues in the varying coefficient model.

In this paper, we study diagnostic issues in the lasso regression (Tibshirani, 1996). Most influence measures, suggested
so far in many statistical models, are concerned about detecting influential observations on estimators of regression coef-
ficients. In the lasso regression, the first interest is, of course, detecting influential observations on estimators of regression
coefficients, and the second interest is detecting influential observations on estimate of shrinkage parameter. Especially in
the lasso regression, one or few influential observations on estimates of regression coefficients can also be influential on
the estimator of shrinkage parameter, so that model selection results based on the lasso will be different due to one or few
observations. We use the deletion method to define a type of Cook’s distance in the lasso regression. Analytic expression
is not possible in the lasso regression. To overcome this difficulty in the lasso regression, we use the diagnostic result of
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ridge regression and adapt it to the lasso regression. This paper is organized as follows. In Section 2, relevant notations and
results in the linear and ridge regression diagnostics are introduced. An approximate version of Cook’s distance in the lasso
regression is derived in Section 3. Numerical studies on the proposed statistic are done, and an illustrative example based
on a real data is given in Section 4, and concluding remarks are given in Section 5.

2. Linear and ridge regression diagnostics

Consider the linear regression modely = X + €, where y is an n-vector of responses, X is an n x p full column matrix of
known covariates, § is a p-vector of unknown coefficients, and € is an n-vector of independent random variables with mean
zero and unknown variance o2. We use y; and x; to denote the ith row of y and X, respectively, and use the subscript (i) to
indicate the deletion of the ith observation. Thus, X;, denotes the matrix X with the ith row deleted. After fitting the model

Al ~ . .
by the method of least squares, we have Bse = (X’X)~'X’y, and y = Hy, where H = X(X’X)~'X' is the hat matrix. Let the

A . . Al .
residual vector be e = y — j and s> = €’e/(n — p) be the unbiased estimator of 2. Let ﬂé; be the least squares estimator of
B calculated with the ith case deleted. Miller (1974) showed that

alse e (X'X)7'xie
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where hj; is the ij-th element of the hat matrix H, i.e., hj = x;(X'X)~';. Cook’s distance of the ith observation is defined as
1 Alse  alse Alse o alse  alse
G = B(ﬂ — By Cov(BH)'(B —B).
Using the result of (1), it can be expressed as basic building blocks, i.e.,
Ise 1 e’hy
= o @
po? (1 — hy)
For the influence of k observations, let K = {iy, ..., i;} be an index set of size k. Also, let Xy be the k x p submatrix of X

corresponding to the rows of the cases in K, and let ex be the k-vector with k elements of e in K. Let ii(,() be the estimate of
B based on n — k observations after deleting observations in a set K. Then, Cook’s distance for k observations is defined as

se 1 ~lse  Alse alse _q ~lse  ~lse
Cy :B(ﬂ _ﬂ(K))COU(ﬂ) B _Ig()())~

If we let Hy = Xx(X'X)~'Xj, then

~lse ~lse

B — By = X'X)"' X (I —Hy) e,

and, therefore,
1, _ _
Cll?e = lﬁe’((l — HK) ]HK(I — HK) ]CK.

When o2 is unknown, it is often replaced by its unbiased estimator s.
Ridge regression was first introduced by Hoerl and Kennard (1970) as a way of dealing with multicollinearity in the linear
regression. The ridge estimate of 8 is given by
~ridge , v
By =XX+06IH" Xy,
where 0, called a ridge regression parameter, is a positive value to be estimated. To estimate 6, the GCV (generalized cross-
validation) criterion defined as

n
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is often used. Here

Hy = XX'X + 67X’
A ~ridge . o . . L
is, so-called, the ridge hat matrix and yg; = x;ﬂg * is the ith fitted value. Cook’s distance of the ith observation in ridge
regression can be defined in the same form as in the linear regression model, i.e.,

1 ~ridge A ridge ~ridge — 1 Aridge ~ridge
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